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FOREWORD

This technical report has been prepared by Dr. %. R. G. Eckert, Professor of
Mechanical "mgineering at the University of Minnesota under Contract AF 33(616)~
2214 for the Aaeronautical Ressarch laboratory, Office of Aerospace Resmarch, Wright-
Patterson Air Force Base, Ohio. The work reported herein was accomplished on Task
70138, "Investigation of Heat Transfer" of Project 7064, "Research on Aerodynamic
Flow Fields". Mr. “rich Soehngen, ARL, was the project scientist.

This technical report supersedes WADC TR 54-70 dated April 1954.

Appreciation is axtended to Miss Carolyn Byers for typing the manuscript.
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SeCTION I

LUTHROUSTICH

The purpose of the present report is to present a survey and summary of
rresently availuble information on heat transfer at aigh supersonic speeds. It is
hoped that the paper is prepared in such a way that it is useful for the designer
who, in order to calculate temperatures in aircraft at high speeds, has to have
information on the convective heat transfer between the aircraft skin und the
atuosphere. It is well known thet by the aerodynadc heating e¢ffect uircraft which
fly with supersonic speeds, are heated up to such an extent thut the skin tenperature
and the teuperature inside the aircraflt reguire the speciul attention of the uesigner.

Corresponding to tne growing iwportunce oi cooliung problews in aerosuutics, tine
nuuber of papers which deal with high velocity fiow hus steadily increaseu during
recent yeers., This is evidenced by the fact thut to-uay, for example, each issue

of the "Journal of tne saeroncutical oSciences* contuins at leest one contribution
to the heat transfer problem. In this situation a swuiery has to be restrictea in
its scope. In tuis report only convective neat transfer will be discussed ana
this only for surfaces along wnich the jpressure is constant. Tne literature
collected in the appendix is thought to be coumplete in this field. wSuch a restric-
tion is peruissible since aircraft flying through the atumosphere at high speeus will
alWays have very slender snapes so that the pressure variation along the suri'uce is
not large and its effect on heat transfer is of minor importance. SouLe reuurks on
the influence of pressure variation are however included. kxcluded also {'row tue
discussion will be surfaces which are cooled by a rrocess known as trunspirution
cooling. In this process the skin is manufactureé frow a porous materisl and a
cooling uediwa is blown througn the skin into the atmosphere and builds up a cool
film which protects the surface from the influence ol the hot boundary layer.
Information on this cooling process and its influence on heat transfer under high
velocity conditions is still meager (Ref. 1, 2, 3, 4). The discussion is also
restricted to heat transfer under steady state conditions. It has been shown trat
for rutes of change in spced as they are usually encountered in esircraft tne
convective neat transfer nuy be regarded as guasi stationary (See Appendix IIIJ.
This means the heat transfer at each instant may be calculated with forumlae valid
for steady state into which velocity and property values are introduced as they are
encountered at this specific instant (Hef. 5, 6).

The essential features of the teumperature distribution as it is encountereu
near a wall moving with high speed may be discussed with the help of figure 1. In
this figure the temperatures eare plotted over the distance from the wall. In any
high speed gas flow two different temperatures have to be daistinguished: the
static temperature T as it would be measured by an instrument which is at rest
relative to the flow at each location, ana the total Temperature T% measured by an
instrument which slows the {low adiabatically down to the velocity “zero, umeasured
relutive to the wall. The full lines rejresent the temperature aistribution for
the case that no heat is conducted from the surface into the interior .. the wall
or transferred to the environment by radiation. The profiles of both tenperatures
are shown in the figure.

The static temperature increases throughout the boundary leyer in the
direction toward the wall because of the heat generated by internal friction.
Under the conditions as specified no heat flow from the wall into the fluia occurs
end therefore the temperature gradient at the wull is zero. However, tne wall



temperature is nigher than the static temperature in the stream outside the boundary
layer because of the effect of "aerodynamic heating".

It is interesting to observe the behavior of the total temperature throughout
the boundary layer. This temperature measures the total energy content of the
fluid, internal and kinetic, and this energy content aoes not change in a steady
flow from whicn energy is not extracted, either as heat or as mechunical energy
Both conditions are fulfilled by the boundary layer as a whole. Therefore, tie
average value of the total temperature has to be the same within the boundary luyer
as in the outside flow. when a defect of the total temperature in the layers near
the wall is encountered for fluids with a Prandtl Number smaller than cne, then it
has to be compensated by excess of this temperature in the outer region of the
boundary layer. For fluids with Prandtl number larger than one, the conditions are
reversed, the total temperature being larger near the wall and smaller in the outer
region of tae boundary layer than in free streanm.

The Gifference between the total and static temperatures at any pcint is
determined by the local velocity V. JFor a fluid with constant specific heat ¢
this difference is given by the expression shown in the diagram. Ffor variable
specirfic heat the difference betwegn the corresponding enthalpies :lt - 41 is equal
to the kinetic energy of the air V</2. for gases under the condition of no heat
transfer, tnis wall temperature which will be called in this report the "“recovery
temperature* is almost equal to the total temperature in the stream outside the
boundary layer. This leads at supersonic velocities to very high wall tenperatures.
fortunately, conditions are usualiy much more favorable on the skin of aircraft
flying at high speed because heat is radiated away from the surface of the aircraft
or, for short flight duration, heat is being stored in the skin or other structural
elements. The tenperature profile found in the boundary layer under such circum-
stunces is shown by dashed lines in figure 1. It is interesting to note the
peculiar shapes which the total temperature profile msy assume. This profile is
the one which can be comparatively easily measured by total temperature probes,
whereas toaay no satisfactory direct measurement of local static temperatures is
possible.

From the discussion of Figure 1 it is apparent that heat transfer in high
speed flow is essentially influenced by two parameters which are usually not
present in other heut transfer problems: a marked effect of frictional heating
and a large temperature variation which occurrs in the neighborhood of surfaces in
a high velocity flow field, even when the surface itself is cooled down to the
outsiae stream temperature.

It will be shown later, that for the case when the wall-temperature is cooled
to the stream static tempereture a maximum temperature within tie boundary layer
arises which for a lach number 10 is five time the stream temperature or, for a
lach number 20 is equal to 18 tii.es the stream temperature. These temperature
variations are unusually large and cause the property values to change extensively
throughout the boundary layer. The temperature within the boundary layer may
become 80 large that it causes dissociation of the air.

Frictional heatins as determined by the velocity of the air stream, large
temperature variation, and high temperatures are the parameters which will have to
be discussed extensively in this report with regard to their influence on heat
transfer.
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anotpner concition whicl: is connected with wireraft ap,licetion is tae low
.ressure wnu corresondin,ly the low density of tiac air, encountirea by tue eircreft
et hich rligat sltitude. The air ot aign altituces is so rarificu taut the lengtis
of tue yeths waich tuae single uir uolecules truvel between collisions becuue
consideruble uiné of tihe swne order of lmsgnituce as the thickness of tne boundary
leyer. This cawnges acut transfer conditions from wiizt is usually experienced in
air flowu under normal jressure. This factor will ulso be discussed in its
influcnce on aeut transfer in one of the following caapters.
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section III will deul cxtensively with tue frieticn and aeut trunster
concitiona «s taey exist i1 lasdner or turtulent boundury layers on surfaces in
two-ci.ensionul flow for waich tae pressure does not cuunge in flow direction.

Juca conuitiins urc rcalized on a flat plate parallel to the stream direction as
long as the boundary layers are very thin so that the displacement of the flow ty
this boundery layer can be neglected.

Constant pressure is in supersonic flow also encountered along the surface of
wedges and cones when the shock waves by which the oncoming flow is turned into a
direction perallel to the surface are attached to the vertex of the objest. Jor
this case sinple conversion formulas exist by which friction and heat transfer data
for cones and wedges can be obtained from information available for flat plates.
These will be discussed in this chapter. Such conversion rules are important
because parts of missiles or aircraft have conical shapes and also because many
test results are available on cones and wedges and can in this way be compared with
flet plate data.

- i#riction and heut transter on the surface of u cylinder in a flow parallel to
its uxis are identical with the ones on a flat plate as long as long as the amallest
radius of the curvature of the cylinder cross section is lixge compared with the
boundary layer thickness. Sowe investigations as to the limiting conditions for
this analogy will slso be discussed.

For a wedge in a supersonic flow which is directed perpendicular to its edge
and which has attached shock wuaves the flow conditions are constant in the field
between the shocks and the surface of the wedge. Constant lLach number, constant
total and static tenperatures and constant density prevail in this field. Since
the flow on such a wedge is two-dimensionul and since the pressure along the
surfaece of the wedge is constant, the relationship for skin friction and heat
trunsfer, valid for flat plates, may be immediutely aprlied to the surfaces of such
a wedge. Conditions between the shock and the surfuce correspond to the flw
conditions at the flat plate outside the boundery layer.

A cons mey now be considereu which is located in a supersonic flow directed
perallel to the cone axis. The onstreum conditions may be such that the shock wave
_is attached to the apex of the cone. The shock has in this case a conical shape
with axis and apex coincident with the solid come. Stream conditions in this case
are not constant in the field between this shock and the cone surface, hovever,
they are constant along eny conical surfece with the seame axis and apex as long as

the displacemsnt of the flow by the boundary layer is neglegible. for thin boundary
layers, therufore, this condition will also hold along a conical envelope very nesx
to the cone surface and just outside the boundery layer. when friction or aeat
transfer data from flet plates are to be converted to that on the surfaces of cones
then the flow conditions, existing in this envelope which is prastically coincident
with the cone surface, correspond to the flow conditions for the plate. again the
pressure is constant along the surface in flow direction.



The flow, however, is not two-diiensionel and therefore conversion foruulas
have to be used in order to obtain from flat plate date relutionships valid for the
surface of cones. Hantzsche and Wendt (Ref. 12) show by a transformation of the
laminar boundary layer equations for flow along the cone surface to the flat plate
case that the temperature recovery factor remains unchanged by this transformmtion
end has the same value for cones as for {lat plate. lLocal friction coefficients
and heat transfer coefficients, valid for the flat plate, have to be multiplied by
¥3 to obtain friction and heat transfer coefficients on the surface of the cone at
the same distance from the leading edge and under identical stream conditions.

This fect may also be stated in a different way, namely, that local friction end
heat transfer coefficients are ic :ntical for cones and flat plates ut locations for
which the cone Reynolds number is times the value of the flat plate Reynolds
number. At such corresponding locations witain the boundary layer arc conpletely
identical and therefore not only the neat transfer coefficient and friction

factors but also the stubility conditions within the boundary luyer and therefore
the conditions for transition to turbulence are the same.

An anslogous transformation on the turbulent boundary layer equations written
in time mean values has been made by Gazley (Ref. 1ll), and in a very general form
taking into account the variation of the property velues by Van iriest (kef. 9).
The result of this transformation is that again conditions within the boundary
layer are identical on such locations at the flat plute end on the cone surface for
which the cone Reynolds number is equal to twice the flat plate Reynolds number.

By the siuple rules stated, friction and heat transfer can be calculated from
formalas which are valid for flet plates.

For some purposes it is important to know also how much tha local and the
average friction and heat transfer values differ on the cone surface and the flat
plate at locations with the same Reynolds number. PFor laminar flow it is alrmsady
stated that the local heat transfer coefficient and friction factor on the cone are
by the factor 47 larger than on the flat plate. The average heat transfer coeffi-
cient and friction factor for the cone ars largsr by the factor 2/ j . It
may be seen that the averages friction and heat transfer values do not 41ffer much
for cones and flat platas wvhen they are compared at the same Reynolds number. For
the turbulent friction coefficient, using Blasius equation and Reynolds analogy,
the following relationships for a turbulent boundary laysr can be derived: The
local friction and heat transfar cosfficients are by the factor 2% =115 larger
than for a flat plate. For th-~ average valums the fuctor is 1,022, Tharefors,
the Aifference between average friction ani heat transfer coafficients on cones
and flat plates considering locations with the same Reynolds 2umber is only 2 per
cent for turbulent flow. It may be added here that a transformation of the boundary
layer equations for arbitrary bodies of revolution in rotationally symmetric flow
to the two-dimensional casa has been presentad in Refarence 14.

For a cylinder with cireular cross section in a flow-subsonic or NPTPWONRL 0=
which is parallel to the cylinder axis conditions within the boundary layer are
principally different from the conditions on a flat plate since cylindrical areus
within the boundary layer purollel to the surface incrcase in area jroportional to
the distance frow: tie cylinder uxis. Tac influcnce of this condition on heat
transfer and friction in « turbulent boundury layer hes been deteruined anslyticelly
bty Jekob and Dow (Ref. 13), by u. U. Lckert (Ref. 10), ond by Seban (Ref. 17). The
latter investicator found that this condition does not influence the recovery factor

80 that flet plate recovery factors can bc imedistely applied to cylinders in axial
flow,



4ith regarc to the averuge skin friction the different predictions vury
widely. an experincntel investigation in reference 65, nude on cylinder-cone
coiwbinations, found that ut a Reynolds nunber around 10 an increase of the average
friction fuctor of & percent was connected with a change of the length L to diameter
d ratio from 8 to 23. The calculation by Jakob and Dow gives for a change of L/d
from 8 to 23 an increase of 15 percent. H, U, Tckart's method results for tha same
conditions in 1.5 percent increase, The evidance presented does not give a conclu-
sive quantitative information on how much friction and heat transfer on a cylinder
ara different from the ones on a flat plate, It can ba concluded however, *-at up
to a ratio of boundary laysr dAisplacem~nt thickmass to cylinder radius of 1:100 to
1:50, the difference betwemn cylinder and flat plate data should be negligible.

For cylinders in o flow normel to their axis the condition for heat transfer
ere rather involved. A boundary leyer builds up around the upstream part of the
surfece. The lcrge pressure variation along the surface mekes the development of
this bouhdary layer quite different from the conditions considered before in this
chapter. The effect of a pressure variation on the boundary layer will be considered
in somewhat nore detsil in a later chapter. Heat trensfer to the downstream part of
the cylinder where the flow separates Trom the surface i{s still poorly understood.
Extrenely low recovery tenperatures (partially below static upstrean - tenperature)
heve been ouserved in this region at subsonic upstream speeds. (Ref. 178, 179)
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a:CTION III

HEnT THaNSFLR TO 4 FLaT PLATE JITH CONSTANT SURPACE Thi-FLRATURE

This section deals with what is usually called the flat plate case. Mre
exactly, it deals with heat transfer in two-dimensional flow, the pressure of which
is constant along the surface. For thin boundery layers this type of flow is found
on a flat plate. There are, however, special conditions like very low pressure,
very high velocity where boundary layers becoms quite thick. The flow outside the
boundary layer is then displaced and curved along a flat plate, according to the
increase of the displacement thickness of the boundary layer in downstream direotion.
As a consequence of this, the pressure decreases in flow direction. Constant
pressure in such a case would be rather obtained ty a slightly concave surfece. 1In
supersonic flow, constant pressure along a surface is ylso found on waiges and conas
with attached shocks. The simple rules with which flat plate formulas for heat
transfer and friction can be transferred to the conditions on wedges and cones have
been discussed in the previous chapter.

A constant temperature along the surface is also specified for this chapter.
Generally, on missiles and airoraft the temperature will vary along the surface
and it is known today that such a temperature variation has a considerable effect
on heat transfer. The plate with constant temperature, however, serves as a
standard condition to which comparatively simple formulas apply. 4 variation of
the surfaces temperature has to be dealt with specifically ty calculations in eash
individual case. This procedure will be discussed in a later chapter.

Conditions on the wall surface of the plate will bs denoted by a subseript w,
conditions in the stream outside the boundary layer by a subsoript s. Here i¢ is
assumed that flow conditions in the field outside the boundary layer (veloeity Vg.
temperature T,, density .) are constant. The symbol T denotes absolute m-znu
(in °R.). In the flov T means alvays static temperaturs. The total temperature
(as measured bty a total temperature probe at rest relative to the plats) is
indicated by a subscript t. The following dimensionless flow paremeters are used;

u-S*l! (8 -1)

- Y '
Ma ;.: (B - 2)

The Reynolds aumber Re is based on the distance X from the leading edge of the
plate. The rroperty values @ and Ji in the Reynolds number will be introduced at
different locations (wall or streem), whereas the lkach number Me is alvays desed on
the sound velocity a, at stream temperature.



The local shearing stress ‘¥ ., which the flow exerts on the plate surface is
expressed by a dimensionless friction factor defined in the following way

\ '°f’3°'!'= (B - 3)

The local convective heat flow per unit time and area at the plate surface is
described Ly a heat transfer coefficient h which is defined in the following way

W = h(T-%) (8 - &)

'I' is the actual wall temperature and T, is the temperature which the specific
loution on the surface assumes when the convective heat transfer is zero. This
temperature will be cal.ed "recovery tsmperature® since it is conventionally
desoribed by the temperature recovery factor Eq. (Ba-4). The heat transfer
coefficient is in turn expressed non-dimensionally by the Nusselt number

Yo oo B2 (B - 5)
or Wy the Stanton number
A
St.-;-.—p-'. (B-6)

LAMIWAR BOUNDARY LAY'R FLOW

The differential equations which describe the flow and energy conditions for a
laminar boundary layer are well ectablished under normal pressure conditions in the
continuum flow regime.: Numerous solutions of these differential equations have been
worked out and are todsy svailable to give information in a wids rangs of conditions,
extending for instance to very high kach number and large temperature differences.
These results gensrally check satisfactorily with experimsntal invastigations, when
the experimsnts were made at the boundery oconditions which correspond to the bdoundexy
layer solutions. Therefore, in the laminar rangs, the most reliable informstion can
be obtained from calculations. The main difficulty in solving the differeasial
equations is oconnected with the fact that the property values (viscosity, heat
conduotivity, density, and speciCic heat) vary for all gases aad fluids with
temperature and pressure. It is quite difficult to take into proper acoount the
actual varistion of the property values in the solution of the differential
equations. The flat plate case is in this respect simpler than flow and heat
sransfeor for gensral conditions. At the flat plate, as mentioned above, the
pressure is constant along the surface. In the thin boundary layer the pressurs
also does not change in a direction perpendicular to the surfacs so0 that it is then
oconstant over the whole field in which the flow und energy transfer cocour. In
consequence of this fact only the variation of density with hu to be
asoounted for in solutions of the boundery layer eguations for In
this connection it might be pointed cut that the terminology whioh hu buc.
customary, namely to call a boundary layer on a flat plate which developes under
high flow wvelocities a "compressible boundary layer® is nmot too well ahosen. The
established meaning of the term in physics is a change of volume in oconsequsnce of a
change in pressure and such & changs doss not ocour in a boundary layer on & flat
plate since the pressure in the whole field of interest is constant. This expresses



itself in the fact that the character of the boundary layer equations is exactly
the same for subsonic es in the supersonic range.

Senatent Froperty Solutions

The first solutions of the laminar boundary layer equations were obtained with
the assumption that the property values in these equations are constant (independent
of pressure and terperature)., Under this condition the local skin friction factor
was found to be

°f - o.“ /m
(Ba - 1)
The local Nusselts number was determined as
¥ = 0.332/% YR
(Ba - 2)

vhen the heat transfer coefficient h on which the Nusselt number is based is
defined by the following equation

N ° h(fr"t)
(Ba - 3)

in which 'l‘,. is the temperature which the plate assumes when it is only in convective
heat exchange with the high speed flow but otherwise not cooled or heated (ty

* radiation, or by heat conduction into the solid wall interior). This wall tempera-
ture i in high speed flow larger than the static temperature in the stream outside
the boundary layer bscause of the asrodynamic heating effect within the boundesy
layer and its value has to be known if the heat flow on a surface under high speed
conditions is to be calculated. The calculations which were mede under the
assumptions of constant property values showed that the following temperature retio:

L-%,. -0
" - '. ﬁ./z .P

re
(B - 4)

vhich is called temperature recovery factor is a funotion of only the Prandtl
number of the fluid. This function is shown over a wide range of Prandtl numbers
in Moure 2. (Ref. 37). It can be approximated ty:

r - (5 - 5)

in the range of Prandtl numbers bdetween 0.5 and 5. The wall temperature T, which
is described ty the temperature recovery factor will in this report be cnlfod
*recovery temperature".



The heat transfer coefficient is often expressed in a dimensionless form by a
parameter celled Stanton nuwuber:

St ~ h/gopTe (Ba - 6)

It can easily be seen that the following connsction exists between the Nusselt
number and the Stanton Number:

“-lu/...h. (Ba - 7)

A comparison of Equation Ba - 1 for the skin frioction factor and Bquetion Ba - 2
for the local Musselt nuuber results in the following:

S =0.5¢ s (Ba - 8)

This relation between skin friction and heat transfer is useful because it still
holds under certain conditions when the property values vary with temperature. This
will be discussed in the next paragraph.

Reynold's anaslogy between skin friction and heat transfer can be expressed by
the following equetion:

a-”
2 (Ba - 9)

The heat transfer calculated from Reynold's analogy therefore differs from the
correct relationship for laminur flow by the factor Pr-4/3. For gases the Frandtl
mumber is not too different from 1 and therefore Reynolds analogy gives a ressonable
first approximation to the real heat transfer value. The relationships which have
been determined for constant property values can be expected to hold satisfsctorily
for real fluids or gases as long as the temperature variation throughout the
boundary layer is comparatively small. It has been found that this is the case as
long as the ratio of wall to static free stream temperature is not too large (swy
between 0.5 and 1.5). Property data for dotomtnins the Reynolds and Prandtl
numbers mey be formed with temperatures T, or T.. sdvantage of the constant
property solutions is that they depend on a ntn!nm of parameters and that they
apply generally to any fluid.

Salutiona For p~k~T®

In the supersonic rangs and for lergs tempsrature differences the fact that
the property values actuslly depend on temperature has to bes acoounted for in a
solution of the laminar boundary layer equations. Figure 3 shows that the viscosity
and heat conductivity vary oconsiderably faster with temperature than the specific
heat anc the Frandtl nurber. Consequently the next step was to obtain boundary
layer solutions for variadle viscosity and conductivity but constant Prandtl number
and specific heat. The equation

- Ik
t p (Ba - 10)
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su: ;8 %iat Jor constiat lrundtl nuwber end specidic heut, the heut conductivity
wrics projortioncliy 1o tac viseosity. Thorefore the luw of temperature ce;endence
:u.s to be _reueritea for onc progerty only. The following luw was ussuned to

esress Lhe tejercture derenienecy ol e vicoszity

. (;o)"

ana To ere the viscosity and temperature at some reference condition. The ur< of
this law btrings two adventuges, first it simplifies the calculation rrocedure a..u
secondly it makes the result dependent on & sharacteristic temperuture ratio oaly,
for instance, on the ratio of wall temperature, to free stream static or total
temperature. This temperature ratio as well as the exponent @) have to be added to
the parameters mentioned above for the constant property value solutions.

(Ba - 11)

Lguation Be - 1l expresses the actual temperature variation of the vicosity
for gases :nd specifically for air reasonably well in a temperature range which is
not too large. However, it is found that the numerical valus of the exponent @
depends on the temperature level. For very low temperatures @ is approximately 1
and it decreeses with increasing temperature asymptoticelly towards the value 0.5,
Consciuently, in Gdifferent calculations different nunerical velues for this
rerumeter were usedi. The following gener:cl results were obtained: (For a sumary
of tuese calculetions see Referecnce 45). It was found that the expression Ba - §
for the recovery factor still holds under the assumptions of this pearegreph. In
the same way the relationship Ba - 8 between skin friction und heat transfer is
still valid. On the other hand it was noted that the skin friction and the heat
transfer vary now with kach number, with the characteristic tenperature ratio, with
the value of the parameter @ , and the temperature level. Only the variation of the
friction coefficient has to be d:l.oculud because of the validity of equation Ba - 8.
Specifically the variation of the skin friction coefficient with the msntioned
paraweters depends on the way in which they are defined. IFrom equations B - 1 and
b - 3 which define the skin friction cosfficient and the Reynolds numsber it can de
seen that for variable property values a specific temperature must be chosen at
which these values are introduced into the right hand side of the equations.

Usually the freestream static temperature is chosen as such a temperature. In
this case the skin friction coefficient is found to decrease consideradbly with
increasing i-ach number, with increasing temperature ratic T,/T,, and with decreasing
value of the paramster @ . Figure 4 taken from reference 3 -hovn the dependence
of the friction factor on Mach mumber. The dashed curves and the calculations Wy
Van Driest, and Young and Janssen will be discussed later on. It is interesting to

note that o specific value @ = 1 nhn the dependence of friction tcctor on la end
vanish. The relations Ba - 1 to Ba - 9 » therefore, not only for constant

ﬁop‘rties tut also when viscosity nd heat oouducnvity vary proporsionally to the
absolute temperature. This fact adds considerably to the importance of the constant
property solutions.

11



If the property velues in Equations B - 1 and B - 3 for the skin friction
factor for @ different from one are introduced at the wall temperature, then the
trend of the variation of the skin friction factor with Fach number is oprosite to
the one mentioned above.

It may therefore be expected that property values introduced at a proper
reference temperature situated somewhere between the temperature extremes encountered
within .he boundary leyer will cause the variation of the friction factor with ka
and T, /'1‘ to vanish. actually, Rubesin and Johnson (Ref. 49) have shoun that it is
poosiglo to find such a reference temperature T* and that it can be expressed with
good accuracy by the following equation teken from Rubesin's and Johnson's jpaper:

" - 1’00032(.)2000”(P-1)
s s (Ba - 12)

This expression for a reference temperature can also be transformed into the
following:

™ -7, 058 (T, -1T,) + 019 (T, -12,)
(Ba - 13)

In this form the relation for the reference temperature appears especially
instructive, as can be seen for some special cases sketched in Figure 5:

For low flow velocities the recovery wall temperature T, is practically equal
to the stream temperature Tg. The temperature profile in this case has the shape
indicated in the upper diagram of the figure and Bquation Ba - 13 shows that in
this case the reference temperature T is located approximately hulfwey between
wall temperature T, and stream temperature T,. This agrees with the results of
other investigations on heat transfer at low velocitiel.

For high velocities but u small rate of heat transfer the wall temperature
Ty is spproxinately equal to the recovery temperature T,. The tewperature profile
is for this case indicated in the center portion of the tigu:e and Bgquation Be-13
shows that the difference bdbetween reference tempersture T° and strean tenperature
Tg i8 now 77% of the difference between wall temperature Ty and stream temperature
'l'.. since the fluid layers near the wall will influsnce the heat transfer to the
vwall most strongly and since these layers have now, in an average, a higher
temperature than in the first case considered, the value for the reference
temperature is very credible.

As a third example let us vssums that the wall is cooled to the streem
temperature as indicated in the lower diagram of the figure. It will be seen
later on that in this case the difference between the maximum temperature T
within the boundary layer and the stream temperature is approximately 25% o? the
difference between recovery temperature and stresm temperature. Jor the difference
between reference temperature and stream temperature the corresponding value is
19X, which is again possible. It should be pointed out that Figure | presents
friction factors for the case where the wall is at recovery ¢ reture. Jor a
cooled wall the friction factors are higher and for a heated wall lower than the
velues in the figure. Calculations of the friction fastor with the referencs
temperature as given bty Equations Ba - 12 and Be - 13 properly accounts for thesse
variations as will be shown in vhe following chapter.

12
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Solutions for pir with Actual Temperature Veriation of All Properties

For very high velocities as are expected in futuie aeronautical upplications
the teuperature variation thoroughout the boundary leyer becomes so large, even in
the cese where the well is cooled down to practically the free-strezn: static
tenperature, that it is doubtful how valid the results of calculations are which are
based on the asswnptions mentioned in the preceedin;: paragraph. accordingly, e
number of recently published parers consider the specific heat and the FPrandtl
nunber as well as the heat conductivity and the viscosity to vary with teuperuture.
4ll of the calculations have been made for air and rore accurate relutionships
then a power law for the variation of the vicosity and the heut conductivity with
tenperature hauve been ussumed.

Sutherland's relutionship:

A - Gy

with the constant C = 392° R. for air, or tabulated values ure used to express the
viscosity. Tebulated values are used for the specific heut and lraendtl nw.ber.
The conductivity is again fixed by equation Ba - 10. The main uifference in the
various sets of calculations is caused by the fact that differenht laws for the
Prandtl number dependence on temperature have been used. Klunker and lacleen
(Ref. 41) es well as Young and Janssen (Ref. 4§) use lrandtl rumber data as contained
in the Gas Tables und in a paper by Tribus and Foelter (Ref. 177). Van ixiest
(Ref. 36) on the other hand bases his calculstions on Prandtl number values which
have been reconmended by the Netional Bureau of Standard (Ref. 156). Migure 3
indicates the Prandtl numbers as used in both sets of data. It niay be recognized
how lerge the differences in both sets of Frandtl number data are. 4ll of the
calculations hed to extrajolate Frandtl nuuber values to lurger temperatures.
This is indicated by the deshed part of the lines. The lurge differences in both
sets of data reflect the lack of accurate knowledge of heat conductivity and
Prandtl mumber for air at higher temperatures and is caused bty the fact thet it is
extrerely difficult to neasure heat conductivity values for guses at larger
tenperatures.

(Ba - 14)

The calculations mentioned above reflect the real conditionr as encountered by
an aircraft in che atmosphere better than the ones discussed in the previous
paregraph since they are based on nore accurate property value data; however, they
heave one disadvantage, nunely, thut flow ana heat transfer now appear to depend on
one additional parameter numely, on the temperature level in the air strean. The
governing pearameters are now Reynold's number, l#ch number, Frandtl number, a
churacteristic temperature ratio and a charscteristic temperature, for instance wall
to stream temperature ratio, and stream temperature. The number of parsmeters is
considerable and correspondingly the calculations become rather extended.

13



All the calculations show that the friction factor varies proportional to the
square root of the Reynold's number in the same wey as in Bquation Ba - 1. Instead
of the constant 0.664 in this eguation, however, a function of Mach number, tempera-
ture ratio and temperature level appears. The most extensive calculations of this
nature have been done ty Young and Janssen (Ref. 59). The authors calouluted
friction factors fore wide range of Fach numbers (up to 30) for a large range of
wall to strean temperature ratios (1.5 to 22) and for three values of the static
strean temperature (100,400,800° R.). They also determined a reference temperature
such that introduction of the property values at that temperature mukes the value

equal to the incompressible value 0.664. Young end Janssen recomended
gntion Ba - 12 for Ma up to 5 and give the following relationships which
snproximate the calculated reference temperatures well in a kech number range from
5 to 10:

fort Ty e T, T'/t. = 0.0556 [13(1,/1,) + 6] (Ba - 15)
for: Ty = T, ‘l"/'f. = 0.7 ¢+ 0,023 (Ma)2 ¢+ .58 (T/7,)

Since it is inconvenient to use different equations for different kach number
ranges and for the wall at recovery temperature and at a different valus, it was
investigated whether the reference temperatures can be expressed in the whole jach
mumber range by one relationship. The calculations presented in .Appendix I
resulted in the following equations for the reference temperature

e 1, 005 (T, -T,) ¢ 0.22 (2, - 1)
(Ba - 16)

The equation may also be written as follows:

o o5 (T ¢ Ty) ¢ 0,22 r? (m)? ¢,
(Ba - 16a)
with r indicating the recovery factor and ' the ratio of specific heats.

Tadle la contains in the fourth colusn the friction paremeters Ce W taren
fron: Ref. 59. In the reference the (roperty valuss were based on the stream
temperature. The fifth column contains the sems friction paraamter as calculated
with the reference temperature given in the last squation in the following way:

hquation Ba - 1 wvas assumed to hold when the properties are based on the
reference temperature

(s VED® = o.664 = ﬂﬁﬁi

4

(Ba - 17)



1 2
Run T,(R)
Nr.

Je 99
43 101
2d 99
ba 100
1d o4
6a 102
7a 90
3e )00
L4 402
20 400
5b 401
lc 405
64 401
7 388
8 398
% 3%
re 79%
et 800
Sc 808
1t 797
6t 810
r 792
8e 805
9f 765

>QiLe
for them.

3

la

8.
11.33

4

0.690
0.651
0.620
0.593
0.555
0,501
0.462

0.674
0.629
0.601
0.575
0.541
0.499
0,456
0.419
0.3683

0.671
0.638
0.612
0.576
0.533
0.490
0.448
0.405

5 6

(cARe), (cARe), %

0,685 =0.7
0.650 =0.2
0.619 =0.2
0,592  -0.2
00555 -0 .0
0.505 0.8
0.470 1.7
0.664  -1.5
0.630 0.2
0 .600 -0 .2
0.576 0.2
0.542 0.2
0.h9b -008
0.“56 -o ."
OQhu ‘007
0.375 -2.1
0.66f  =1.0
0.635 «0.5
0.610 =0,3
0574  =0.3
°q527 -101
0.490 0.0
0.443 =1.1
0.399 =15

7
Tn

400

800
1182
1559
226
3565
5135

400
800
1182

8
n

405

793
155
1506
2134
3322
4870

403
791
1159

1556 1516

2246
3565
2135
8160
12645

800
1182
1550
2246
8160

12645

21
33
4,898
7868

3510
5162

8135

%

1.7
=1,0
2.5
=340
“5e3
=7.0
QSol

«2,2
-300
“3¢5
ﬂSol
6.3
=48
-3 .7

2.1
1.1
«1,0
.106
0.8
=043

0.813
0.816
0.788
04806
0.7%

0.812
0,806
0.803
77
0.786

2.2
0.6

.u.h
045
0.1

=1l.5

1.6
1.6
0.6
O.h
=0.1
o5

0.l
1.2
-1.9
1.1
0.0

runs vere not fully evcluated since the property values wers not known

Table Ia. Wall at recovery temperature.
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Run
Mr,

144
15d
20¢
10f
11f
16¢
1f
18¢

10e
1le
16en
17¢
22e¢
13¢
18e
19e
23¢

104
114
164
1
224
134
184
19¢
23e

T

of

97
101
94
101
102
105
96
80

402
405
401
404
410
»8
394
kA
416

798
805
792
8l2
784
801
804
800
72

oA

400
400
400

2246

~Y

Ma  (CeWRS), (CoVRe),

8.63
11.84
19.19

8.93
12,37
18.74
13.29

22-40

4455
6.31
9.70
14.83
18.44
6.68
10.20
15.50
18.70

3.29
4.55
6.9
10.57
13.43
LT
7.22
10.98
13.63

0.667
0.629
0.584
0,613
0.59
0.553
0.553
0.524

0.591
0.572
0.538
0.481
0.450
0.531
0.503
0.461
0.432

0.621
0,602
0,568
0,513
0,476
0.574
0.5%
0.488
0.462

00661
0.634
0.583
0.614
0.589
0.552
0.547
0.526

0.590

0.572

0.534
0.478
0.446
0.532
0.504
0.458
0.437

0.617
0.604
0.558
0.510
0.477
0.5%9
0.524
0.488
0.464

L
o0
~omoN®O

!
54
~oadnORGD D

~0.6
0.3
-108
=0.6
0.2
=246
-202
0.0
0.4

0.691
0.686
0.692
0.7%

0.688
0.692
0.695

0.726
0.718
0.708
0.702
0.677
0.725
0.672
0.694
0.685

10

s

:

(Pre) ¢

0.795
0.77%,
0.754
0.766
0.755
0.746
0.742
0.742

0.758
0.753
0.750
0.733
0.731
0.750
0.740

0.730

0.758
0.750
0.750
0.735
0.731
0.750

0.732
0.730

-1
=11
-6
-1
-7
-4

E

OV WRBRWVMOSP O QOO IOVBW [~

11

Ce
(7m%,)
0.9
0.924
0.878
0.916
0.87
0.835
0.898
0.842

0.758
0.751
0.734

0.744
0.720

0.755
0.756
0.745

C.755

12

«17
=19
-16

=16

-1

Some runs have not bean fully evaluatad, since the property wvalues wers not
known for them,

Table Ib.

Coolad wall.
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The friction parameter based on stream conditions is then

eV, + YT = ot Y

(Ba - 18)

Jith the known values of the stream temperature and the reference temperature
Equation Ba-18 can be used to determine the friction parameter as based on stream
conditions. This parameter is compared in Tables la and b with the result of the
calculations by Young and Janssen, and the error in per cent is entered into the
sixth or seventh column. It is seen that the mexirmm difference between the friction
factors calculated by both procedures exceeds only in three cases slightly the value
2%. Generully the error is probably within the accuracy of the boundary lay
solutions. Figure 4 conteins as dashed lines also friction parameters (C, ?ﬂ)s
which have been calculated with incompressible relationship Ba - 1 and the reference
temperature as given by Equation Bs - 16 with the same procedure as used in
connection with Table 1. It can be recognized that the agreement between the exact
calculation and the simple calculation procedure using the reference temperature is
excellent regardless of the specific lew for the viscosity variation.

The papers which consider the temperature variation of all property values
report on recovery factors which cen not be expressed by the simple Ruation Ba - 5.
References 41 and 59 use the following definition for the temperature recovery facton

To T ‘o./z“l”

Figure 6 shows these recovery factors and indicates a considerable variation with
khach number and stream temperature. This large variation of the recovery factor is
surprising and it may be supposed to be caused by the fact that according to the
definition Bquation Ba - 19 the difference between recovery temperature T. and
static temperature T, is compared with the difference between total tonpo;ature and
stream temperature wﬂich a fluid would have if it had a constant specific heat equal
to its real value at stream condition. Actually, the specific hsat varies through-
out the boundary layer and an average value should be used to deterhine the
difference between total and static temperature. It mey be calculated how well this
average value for the specific heat is approximated bty the specific heat which
corresponds to the reference temperature given in Equation Ba - 16. Therefore the
recovery values in Pigure 3 were recalculated (Aef. 23) using the following
definition for the recovery feotor

(Ba - 19)

. -
4 '%72»' (Ba - 20)
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Ty

82

246

Iable II.

T

-m.

Mo (op VE2), (oo VEe), w)" w)l

he55
6.31
9.
14.83

6.68
10,20
15.50

0.591
00572
0.538
o.48

005”3;
ol

«598
ou738
006“
00752

1.460

1.085
00967

1%

o.311
. 219
0,325
Qom

0.312
0,319
00”’

-o.“l
-0,525
-0.417
-0.321

-10”’
-OQw
*o‘”



These recovery factors are also plotted in Figure 6 and it can be seen that mosts of
the variation of the recovery factor with Mach number and stream temperature has
disappesred. The remsining variation is well expressed by Bguation Ba - 5 when the
Frandtl number is introduced at the reference temperature desoridbed ty Bguation

Ba - 16. This can be recognized from table la in which the recovery temperature as
calculated by Young and Janssen is contained in column 7 and the recovery tempsrature
determined with Equations Ba ~ 5 and Ba - 16 in column 8. The difference in per cent
is entered in column 9. It exceeds only in a few cases 5 per cent.

Crocco already pointed out (Ref. 34) that the relationships obtained for a gas
with constant specific heat remain materially unchanged for a gas with variable
specific heat when the product ¢ AT is replaced by the differential of the enthalypy
1. In newer papers (Ref. 142 ank 36) this fact is utilized.

Van Driest bases his recovery factors on enthalpy instead of temperatwre and
uses the following definitions for the enthalpy recovery factar

It can be observed that this definition is very similar to the ode given in the
above Bquation Ba - 20. Figure 7 contains as solid lines the enthalpy recovery
factors as calculated in Reference 36 for two different conditions in the streum
outside the boundary layer. The upper graph of the figure presents the recovery
factor for a stream with a static temperature of 4OOCR. The lower diagrem gives
the recovery factor for a total temperature in the stream equal 100°F. A static
temperature of 400°R. was chosen to approximate conditions ss ensountered bty an
aireraft in flight through the atmosphere whereas s total temperature of 100°F. is
supposed to represent conditions as found in wind tunnsls. A comparison of the
recovery factors in this figure taken from Ref. 59 with the emthalpy recovery
factors in Table la discloses a marked difference especially at higher Mach numbers.
This is dus to the different temperature variation of Prandtl number on which the
calculation by Young and Janssen onh one side and by Van Driest on the other side is
based. It was pointed ocut before, that the lower Prandtl number values were used
in Ref. 59, whereas Van Iriest adopted the set of higher values in Figure 3. Aleo
inserted in the figure as dashed lines are recovery facsors which have been
calculated using Equation Ba - 5 into which the Prandtl nusber was introduced at a
reference tempsrature as given by EBquation Ba - 16. It may be observed that the
agreessnt between the exact caloulation and the calculation from Bquation Ba - 5 is
very satisfactory. The maximum deviatiocn between both sets of calculations is less
than 2 per cent. JFrom the data published in Reference Ba - 20 the enthaliy recovery
factors have been calcula inserted in Table la as columm 10. They cen be
compared with the values in column 11. The difference in per cent is eatered
into column 12. It may be observed that the differenmce is only in one case larger
than 2 per cent. It is smaller than the error ia columsm 6 for the ture
recovery factors. Use of the en oovery festor is therefore prefereble. It
is also remarkable that the value approximates the astual recovery factor so
vwell regardless of the Prandtl number variation on which caloulations have been
based.

(Ba - 21)



Heat transfer coefficients have been calculated by Young and Janssen for the
same range of parameters as the friction factors. One result of this as of all
other calculation procedures is that the Nusselt number as a dimensionless paramster
for the heat transfer coefficient increases proportional to the square root of the
Reynolds number. Ag » Young and Janseen (Ref. 59) presented their data as
the parameter Mu/ in which all the jroperty values Lave been introduced
a& the stream temperatures assuming ihat the Musselt number is also proportional to

Since it has been shown that the friction factor can be expressed very
sccurately by a aimple formula, it appears advantsgsous to calculate the heat
transfer coefficient with the help of the friction factor. fore the ratio
°t/2 St which sccording to Bquetion Ba - 8 has the valus Fr for a fluid with
constant property values, was determined fra Young and Janssen's data. With
property velues based on stream temperature tne following equation holds

(e ) 2/3
(%‘d s " 2 (‘/ ). (h)

(Ba - 22)

The paramsters ob the right side of the equation are tabulated in Reference 59.
Now it will be checked how well Eguation Ba - 8 aprroximates the values caloulated
W Young and Janssen when all properties in this equation are introduced at the
reference teamperature desorided by Eguation Ba - 16, With Iquations B - 3 and

B - 6 the rstio friction factor to Stanton number can be written

0 - v

The only property valus in this equation is the specific heat c.. Therefore the
corresponding ratio based on properties at reference tc-poutuxg is

$o5)" - !h?' - ) ¥, (Ba - 24)

This perameter as calculated from Young and Janssen's data is comtained in column 8
of Table 1b. The values FPre'f/3 are contained in columm 9 and the percentage
dirference in columm 10. It can be observed that the agreemsnt for the heat
transfer paremester is not as good as for the friction factors and the temperature
recovery factors. Only for the two stream temperatures 4O00°R. and 800°R. is it
within 10 per cent. Calculations by Klunker and Maclsan (Ref. 41 and 42) are less
extensive than the oms in Reference 59 but are generally in good agreemsnt with the
latter. Therefore a comparison with the incompressible relatioaship was not mede
for these caloulations.

(Ba - 23)
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Van Driest® has also calculated heat transfer cosfficients with the Prandtl
number veriation as proposed by the Natiocnal Bureau of Standards. He used in the
presentation of his results a Stanton number which is based on enthalpies i instesd
of tempsratures analogously as in the definition of the recovery fasctor. Instead
of the customary definition of the Stanton number

St - —L—
$cp Ve (Tr - Ty
(Ba - 25)
he defines it in the following way
1 v, (1, - 1))
gV (4, - &,
(Ba - 25a)
T™he paper conteins plots of the parameter o‘/2 St1 for constant Premdtl
mmber has sccording to Equation Ba - 8 the value*(Pr) Mgure 8 shows this

mmber at the referemse temperature -3 W Bguation
observed that the agresment between both sets of sgloulations is again emcelleat.
The deviation is whole rangs investigated less thea 1 per esat. In view of
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which has the seme numerical constants as Bguation Ba - 16, determines the reference
oconditions which, when used for the properties in ths equation for the friction
factor, gives best agreement with exact boundary layer solutions. The reference
enthalpy may 2130 be expressed in a different way as:

£ e 05(1, ¢8) 0.2 rit;'l ()2 3,
(B - 26a)

A comparison of measured temperature recovery factors and heat transfer
coefficients with calculated values has been made in a recent paper ty G. Aber
{Ref. 155). BEber shows that measured temperature recovery factors in a laminexr
boundary layer on cones vary around the valus 0.85 with a maximum deviasion of
1 per cent. Within this limit the values agree also with the caloulated results
vhich have been presented in this paper.

In the Pigure 4 of his paper, Eber compared msasure recovery factors with
values which have been caloculated bty Klunker end Mslean and points out that for
larger Mach numbders a oonsiderable difference exists. It has to be kept in mind,
however, that the calculated data by Klunker and Mslean have beeu obtained for
free-stream conditions which were different from the onmes for which the msasure-
ments have been made. The msasured recovery fastors have to be compared with the
values in FPigure 7 and exhibit then an agreemsas vhich again is withia 1 per cent.
The psculier fact that temperature recovery factors mesasured on a flat plate vere
consistently higher than the ones determined from cones and assumed values around
0.88 has been explained ty Korodkin (Ref. 43) as caused Ly heat conduction ia the
s0lid plate material. Heat transfer coefficients oould only be msasured vith an
acouracy of approximately 10 per cent and within this limit again agreemsat
betwesn values msasuresd on cones and caloulated hsat transfer coefficisats hawe
been observed.

Recommended Caloulation Frocedure

On the basis of the investigation made in this chapter the following procedure
is recommsnded for the calculation of the friction and heat transfer of flat plates
in supersonic laminar flow:

The wall shearing stress is calculated from the following equation

* w2
R
(B - 27)
with the friction factor appearing in this equeation given by the relationship

cg® 0.661./{1'{? = OM\,%L (Ba - 28)
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The property values are introduced into both of the above equations at a reference
temperature which may be tentatively calculated from the following relationship

)

™z=74+0.5(T -T)4o0.22 (T_=-1T
s w -] b of 8 (&-29)

This rocedure was shown to give agreement with exact boundary layer solutions
within £ 2 per cent.

Heat transfer coefficients are defined by the following equations:

qwnh(TrOT)

v (Ba - 30)
for oconstant specific heat, or:
«h (1 =1)
QY i'r W (Ba - 31)
for variable specific heat.
The recovery tempsrature is determined Ly the relation
i
Tr s 'l‘s +r > s
(B - 32)
for constant specific heat and bty
.=, +1y X,
2 (Ba - 33)

for varisble specific heat.

The recovery factor appearing in both of the above equations is caloulated
from the equation
r oz Ver (Ba - 34)

into which the Prandtl number has again to be introducad at the referense Seaperature
as given Yy Bquation Ba - 2. Alternatively the Prandtl nusber %0 bs iatroduced inso



Equation Ba - 34 can also be determined from the reference enthalry

1* & 0.5 (1,4 1) +o0.22 1y I'gl (Ma) 1,
(Ba - 35)

Recovery factors calculatci in this way agree within ¢+ 2 per cent with the results
of exact boundary layer solutions.

The heat transfer coefficient appearing in Equation Be - 30 and Ba - 31
calculated from the Stanton number value

St = h
g cp Vg (Ba - 36)

for constant specific heat or from

1
' h
= i
Sty -__9 V
(b - 37)

for variable specific heat. The Stanton numbers are obtainable from the relstiomship

5t = %I (Pr';%

(Ba - 38)

into which the FPrandtl nunbers have again to be introduced at the reference

temperature given by Bquation Ba - 28 or the reference enthalpy Equation Ba - 35.
Heat transfer coefficients caloulated in this vay agree within 2.6 per ceat with
the results of exact boundary layer solutions, for free stream temperatures above

The main uncertainty in the calculation of recovery factors and heat trensfer
coefficients is caused by our insufficient present day knowledgs of Pramdtl
oumbers for air at higher temperatures. FPrandtl number values as givean ia the
Gas Tables and recommended bty the National Rureau of Standaxrds differ for instence
at a ‘emperature of 2000°R. ty 12 per cent and ascordingly the recovery festors
calculated with those Prandtl oumbers differ bty 6 per cent and heat tremsfer
coefficients by & per cent.
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TURBULENT BOUNDARY LAYER FLOW

In the preceeding chapter it has been demonstrated that the calculation of
friction and heat transfer in leminer boundery layer flow has been refined to an
asourasy which is very difficult to parallel in experimsntal investigations. In
turbulent dboundary layers the situation is completely different. The present day
understanding of turbulent exchangs of momentum and energy especially under
conditions of widely varying temperature is restricted to such an extent that exact
solutions of the boundary layer equations can not be obtained. In ruy caloulation
procedure assunptions have to be introduced on the exchange mschanism and these
assumptions have to be continuously checked with experiments. In obtaining friction
and heat tranafer data we have, therefore, to rely heavily on measurements.
Caloulations are necessary and useful in order to extend the rangs of paramsters
outside the experimentally investigated one. However, it will be necessary to
select from the different calculations procedurss published in the literature those
vhich agree vell with experimental data in the investigated rangs. Compearatively
extensive experimsntal investigations are available for the friotion fastor of
plates vhose temperatures are equal to the recovery temperatures.

In Pigure 9 (Ref. 65) the information on the influence of Mach number on this
friction factor is collected. The msasurements, the results of which are presented
in the figure, have been made on flat plates or cylinders. Plotted is the ratio of
the frioction factor in compressible flow to the friction factor in incompressidble
(msans constant property value) flow. The friotion factor is again based on the
roperty values taken at stresm temperature. It may be observed that it decreases
considerabdbly with increasing Mach number. The influence of Reynolds number on the
friction factor has been found to be the same for supersonic as for low velooity
flow. Therefore Figure 9 applies to any valus of the Reynolds number. IFriction
feotors vhich have beeh msasured on cones by Bredfield (Ref. 18) have values which
sre approximately 20 per cent higher than the results of the msasuremsnts collected
in Mgure 9. The reason for this discrepancy is not explained until now.

Figure 10 (Ref. 65) presents the predictions which different published theories
meke on the change of friotion factors with Mach number. It mey be observed that
the various predictions differ to a very high degree. The best agresment %0 the
experimental results presented in Figure 9 give caloulations mede Yy Wilson,
donaghan, Cope, Frankl-Voishel, and Tucker. It even with these results it is
difficult to malke predictiocns on the friction fector ot higher Mash mumbers because
the different theories deviate oonsideradly at Mach numbers above five.

Faced with this situation it is sppropriate to look for a simple caloulation
proocedure vhich agrees vwith the experimsntal results in the investigated rengs.
Young and Janssen (Bef. 59) pointed out that the wes of comnstans property relations
vith the referense temperature esteblished for lamiser boundery leyers gives good
agreemsnt for turbdulent boundary layers as well. Jor this jvoesdure she relatioa-
ship for skin friotion in a comstant propesty fluid flow must be established at
first. Several equations sre offered in the literature for this purpose.

The Hasius equation
¢
-2—f = 0.0296 R.-o.z

(»-1)



gives good agreemsnt with measured values up to Re = 107. at larger Reynolds
numbers Equation Bb - 1 gives friction factors which are too low.

A good representstion of the measured average friction factors in the whole
range up to Re = 109 is obdtained by the XKerman-Schoenherr equation

2&2‘3 - loglo (Ra EF )

V o (B - 2)

The local friction fector may be caloulated from the average value by the

relation .
. 0.557 cr
£ Ss7 *2 Rf?‘f
(B - 3)

Simpler to apply is a formila ty Schuls-Grunow for the local friction factor

¢ - 01370

2.584
(ogy, Re) ® - 1)

and a relation by Prandtl-Schliochting for the average friction factor

- 0.455
Cf -

(loglo Re)
(B - 5)
Beth of these relations represent msasurements up to Re = 109 very well.
bl suso the msasuremsnts plotted in Figure 9 have been made at Reynolds numbers
ov 10/, tha Hasius Bquation (Bb - 1) will be used to essablish the Mach number

dependance of the friction factor with the use of the reference temperature. The
friction feotors in Figure 9 are based on property values at stream temperature

V2
s Vs
‘t“ = Co 2_5_.

(B - 6)
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and compered with the friction factor Cpq of an incompressible (constant property)
fluid at stream temperature

= 0.0296
(35 Vg x / pg

gr,

2 )002

(Bb-17)
Assuming that for a variable property (compressible) fluid the shearing stress is

given by the constant property velue relationship when the property values are
introduced at the reference temperature T* results in the equation

T = 000296_ 3“ V_Zg
w # # 0.2
(g Vg x /p) 2

(Bb - 8)

A comparison between the Bquations Bb - 6, Bb - 7, and Bb - 8 gives the following
formula by which the ratio of the friction factor in supersonic flow to the friction
factor for a fluid with constant property value can be calculated.

# 0.2 % 0,8
cp /°fi = (::—’) (-;:)o

(® -9)

The results of such a caloulation in which it was assumed that the viscosity varies
Foprotional to the power of 0.76 of the absolute temperature is indicated ty &
deshed line in Mgure 9. It may be observed that this dashed line averages the
masured values very vell. It also agrees at higher Mach numbers wvith the caloule-
tions bty Wilson, )onsghem, and Tucker as presented in FMgure 10. It can therefore
be recommended for a plausible extrapolation of the test results into the higher
Mach number range. A paper (by I. H. Abbot - Ref. 181) presented to the fourth
moeting of AGARD wind tunnel and mcdel testing panel contains the results of test

on thin-walled tubes in a firing range. 7Tvwo series of test points vere obsained,
obe et Mach number 3.9 and for the wall cooled to stream static temperature, the
mummm*z.zsm:x‘:x.ar. Both groups of sest poiats are sbown ia
Agure 9. The dashed 1ine in non" represents the ratio op/ce, a8 caleulated
vith Ruations B - 9 and Ba - 16. The agreemsnt is especially for the amaller
Mach number, for which accordimg 0 Abbots the tests reproduced most satisfestorily.

Soms friotion occefficients on a 600led wall are also reportyud in Reference 180.
They were msasured &t Mach aumbers between 5 and 7.7. The values °r/°a for these
tests are all lover than even the curve for the vall at recovery temperature shown
in Pigure 9. It is believed that this is caused by the fact that the asesurements
were Bmade oh & wind tuanel wall along which the pressure vas not coastant but
decreased in flow direction.
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Reference 73 contains the results of a very extensive investigation which has
been made at the NACA to study frioction factors and heat transfer coefficients for
air flowing surbulently through a round tube with large temperature differences and
subsonic velocities. The essential remult of these tests was that the normal constant
property valus relationship descrided the results of these tests satisfectorily when
the rroperty values vere introduced at a reference temperature vhich was situated
half vay between the wall tempsrature and the air temperature. It may be observed
that equation Ba - 16 contains the seme relation for the reference temperature for
the case shat the air velocity is small (recovery temperature equal to wall
temperature). Therefore, it may bs justified to recommsnd use of oconstant property
value relationships together with equation Ba - 16 as reference temperaturs for
turbulent flow along a flat plate.

Br plausible deductions Ackermann (Ref. 62) and Squire (Ref. 85) determined
the following relationship for the recovery factor in a turbuleat boumdary layer

r - VR

(B - 10)

Test results on flat plates as well as on cones agree very vell with this

prediction 80 that it is today in common usage to desoribe the temperature recovery
in a turbulent boundary layer on a flat plate. The teat results showed no conclusive
variations of the recovery factor with Reynolds mumber or with Mach pumber. A
slight decrease of the recovery factor with Mach number which has been predicted ty
an extension of Squire's calculation into the compressible flow rangs (Ref. 87) has
up to now not been confirmed by ~xp-~riments, probably, because this ~ffect i3 too
small in the range of Mach numbers investigated till now. It has to be remembered
that all exprrimental information has been obtained at a total temperature of the
free stream around 100°F,

The simplest vay to calculate heat transfer in turbulent flov is again to
derive it from the friction factor with an equation

st -1":3

snalogous to relationship Ba - 8 in which the function S has to be determined
experimsntally.

For small tempsrature differences, and low veloocities Colburn (Ref. 66) has
found that s factor S can be expressed for turbulent flow as well as for laaminar
flow as I/Pr%3 | Accurate test results for which this expression could be
ohecked in high velocity flow with large temperature dffferences are not knowa to
the author.

(B - 1)
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Rubesin (Ref. 82) obtained in a calculation in which he had again to meke
plausible assumptions on the turbulent exchange mechanisms the result that the
factor S agrees for high velocity high rature difference flow for a Reynolds
pumnber below 100 with the expression 1/Fr and that it decreases slightly with
Reynolds number so that for a Reynolds number of 107 it assumes for air the numeriocal
value 1.20 and for a Reynolds number equal 109 the value 1.18. The influence of
Mach number and of the wall to stream temperature ratio was in this calculation
found to be extremely small.

Van Driest (Ref. 36) makes in his well known caloculation of heat transfer in
the turbulent high velocity boundary layer the assumption that the Prandtl number
and the ratio of turbulent diffusivities for mogentum and heat are both equel to
one. For such a fluid Reynolds analogy is exactly fulfilled. This msans that for
Ma =  the friction factor of a wall with the tempersture equal to the recovery
temperature as calculated bty Van Ixriest is approximately 20 per cent largsr then the
one measured experimentally. It is therefore understandable that the heat transfer
coefficient calculated by Van Driest agrees well with experiments and with the
predictions of Rubesin.

All the discussion in this chapter assumed that the plate surface is smooth.
It is known that roughness increases friction and heat transfer in turbdulent flow
vhen the roughness exceeds certain limits. Extensive systematic information on
rough surfaces exists only for the friction coefficient in low velocity flow. A
go0od survey over this field is for instance contained in Reference 27.

Summarising our discussion on turbulent boundary layers the following
recommendation is made for a calculation rocedure: Constant property relationships
should be used to calculate the friction factor, the reccvery factor, and the heat
transfer coefficient, namely Equations Bb - 1 to B - 5 for the friction factor,
Bgquation Bb - 10 for the recovery factor, and Eguation Bb - 11 for the heat transfer
coefficient. The factor S in the latter ogquati.o varies for air between 1.25 and
1.18 in the Reynolds number range from 102 to 107. Property valuss should be
iotroduced into these equations at the reference temperature given by equation
Ba - 16 and the recovery factor as well as the Stanton number desoribing the heat
transfer should be based on enthalpies instesd of temperatures when the temperature
range is such that the specific heat varies oonsiderably within the boundary layer.
The recommendations have to be considered as tentative and have to be checked Ly
more experiments at large Msch numbers and especially at large temperature
differences and high temperatures.



SECTION IV

INFLUENCE OF FRESSURE AND TEMPERATURE VARIATION ALONG THE
SURFACE ON HEAT TRANSFER

VARIABLF PRESS'RE

Up to now the pressure was assumed to be constant along the surface of the body
to which heat is transferred. Actually, the pressure usually varies along the body
as well as along the airfoils of aircraft and it is important to know the influence
of such a pressure variation on heat transfer.

Exact solutions of the boundery layer equations for laminer flow and for
fluids with constant properties exist for certain types of velocity variation
especially for a velocity outside the boundary layer which inoreases proportional
to some power of the distance from the leeding edge.

Approximate procedures which use the integrated momentum and energy equation
have also been worked out for the calcul ation of heat transfer on surfaces along
which the pressure varies in some arbitrary way. Information obtainable from
calculations is much more restricted for high velocity flow in fluids with variable
properties. Only in a very few cases solutions of the boundary layer equations have
been obtained and even procedures which use the integrated boundery layer equations
become rather tedious.

Generally it is known that a pressure veriation influences heat transfer
coefficients to a lower degree than the skin friction parameters. This is caused
by the fact that the messure gredient enters the energy equation only in an
indirect wvay. In addition to this fect, the shapes, used for aircraft bodies and
sirfoils designed to fly at high velocities, have to be made very streamlined in
order to reduce the dreg. On such configurations which for supersonic flow have
also sharp noses or leading edges the pressure variation is comperatively small and
therefore the effect on heat transfer is of minor ance. This finding is
substantiated by experiments contained in Reference 65 in which everage heat transfer
coefficients were mesasured on a cylindrical body with a conical nose. The
along the cylinder could be varied by an adjustment of the wind tunnel walls. In
addition to a constant pressure along the surface, pressure veriations wvers
investigated corresponding to Msch number variations along the surfece as shown in
Figure 11. It is mentionsd in the referenced report that such a variation
corresponds approximetely to the pressure veriation as found eround a 3 per oceat
thickness beconvex air-foil or to the pressure variation around s peredolic erc
body of revolution with a length to dismeter ratio equal to 15. It was found that
for pressure variations as indicated in Pigure 11 the average heat transfer
coefficient varied only to a degree which vas mmaller than the acouracy with which
heat transfer ccefficients could be mesasured.

The seme conclusion was resched in Reference 26 where local heat transfer
values and recovery factors have been msasured on cones with straight and parabolic
generatrices. It can therefore be expected that for bodies with small angle noses
or leading edges and for flov under mmall angle of attack the oonstant pressure
relations give heat transfer dates of sufficient accurscy for design purposes. With



respect to cooling & rounded nose would be advantageous for missiles sinoe in this
way the large heat transfer coefficients nesr leading edges are avoided. Heat
transfer on such a rounded nose will decidedly be different from that on a flat
plate. An extensive treatment of the influence of pressure variation on heat
transfer to bodies of arbitrary shape would exceed the scope of this paper. Jor
this reason no further discussion on the influence of pressure variations will be
made and the reader is referred to the literature presented in the appendix.

One remerk may be added, namely that for flow with pressure gradients the
correlation of the actual friction and heat transfer parameters with the constans
property relations bty specification of a reference temperature is not possible. This
can be seen from Referemce 99 where calculations are made under the assumption
that the product of density and viscosity is independient of temperature. Friction
factor and Musselt number are found to vary with the ratio wall to stream tempera-
ture., “o such variation would be indicated by *+he constant property relation for
any choice of tha refarance tanprrature,

VARIABLE WALL TFMPYRATUR™

That a teaperature variation along the surface of a heated object is a
paramster of importance for the heat transfer coefficient has been only recently
gonerally recognized. Fage and Falkner (Ref. 115) presented ®or laminar flow an
approximate treatment of this problem as early as in 1931 btut it vas only after
1950 that intensive vork was started to investigate the dependence of heat transfer
on this parameier. All calculations on heat transfer at variable wall temperature
are based on the fact that for constaat property values the energy equation which
describes the heat flow through a boundary layer into a wall is lineaxr and that
therefore general solutions of this equation can be obtained by a superposition of
individual special solutions. This linserity of the energy equation is in laminar
flow essentially still preserved when the property values veary in such a vey that
the product of density times viscosity is constant. Under this oondition and for e
specific type of temperature variation slong the surface:

-7 =cx?
'l' ,r Cx (cb - 1’

Chapman and Rubesin (Ref. 113) obtained exact solutions of the laminer doundary
layer equations desoribing the flov and heat transfer to a flat plate. Magure 12
contains heat transfer coefficients based on the local ature difference

T,~-Tp, 88 caloulated in this referenca. The parsmeter My/ARe' is plotted over the
exponent vhich deteraines the temperature veriation along the surfece. It mey be
observed that with increasing value of # a considerable increase in the local heat
transfer cosfficient as determined by the paramster M/ VI ocours. When the
temperature difference between the wall and recovery temperature, which determines
the heat transfer, increases linearly with distance from the leading edge the heat
transfer cosfficient will ds by 65 per ceat larger than the heat transfer coefficient
under corresponding conditions btut for a constant wall tempsrature. JFor a temperature
difference which inocreases roportional to the square of the distance from the
leading edge, the heat transfer coefficient is largsr by a factor of 2 than the heat
transfer coefficient for constant wall temperature.



Conditions similar to the ones just discussed occur near the nose or leading
edge of a dody or airfoil of an aircraft in high speed flight when the aircraft
surface is cooled either Ly radiation or by heat storage in the #0lid material. In
this case ths wall surface temperature is determined bty a balance between the heat
tranaferred from the air to the surface by convection and the heat removed from the
surface by rediation or by heat storage in the interior. It is known that the heat
transfer coefficient on the leading edge of objects is very large (theoretically on
the flat plate it is equal to infinity) and that it decreases with inoreasing
distance from the leading edge. Correspondingly, the temperature of the object near
the leading edge is practically equal to the recovery temperature and it drops with
increasing distance because the heat removal through rediation becomss more and
more effective as compared with the convective heat transfer. Temperasture distri-
butions in wings of diamond shaped as caloulated bty Kaye (Ref. 116) show this
characteristic behavior. It has to be expected th: tho heat transfer coefficients
in a close region downstream of the leading edge of such objects will be comsideradly
larger than the heaut transfer coefficients caloulated under the assumption of a
constant wall temperature. Correspondiagly the surface temperatures will be higher.

It is possible to determine heat transfer for laminar flow conditions and for
an arditrary variation of the wall temperature bty superposition of individual
solutions which have been obtained for r temperature veriation sccording to Equation
Cb - 1 by expressing the temperature variation along the surface as a series:

T'-rr -Ei xp‘.

This method wvhich has been used by different authors has the disadvantage that the
paxrtial solutions are known only for laminsr flow conditions and for a limited
mmber of terms in Bquation Cb - 2. It is often not possible to express a tempera-
ture variation ococuring on an odject bty a power series with this limited number of
terms satisfactorily. Jor shis reascn another method will bde described here which
oan be applied to any temperature variation and 0 turtulent a8 vell as laminar flow.
It is mainly based on work by Boad (Ref. 110) and Rubesin (Bef. 120). This method
starts from a solution of the boundery leyer equations for a step-wise varying wall
temperature and replaces sn sxrditrary vall temperature veriation ty an infinite
oumber of infinitely small steps. An integratiom procedure of the knowa solution
for one step then gives the answer for the arbitrary verying vall temperature. This
derivation odbtains the following equation:

(cv - 2)

2]
atx) j’h(,,,):‘!.;m ay+ En(y,,0 [1,099) - 1,087
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( - 3)

for “he heat flow at the distance X from the leading edge into a surfece. In this
equation h is the heat transfer cocefficient whioch is found at the locatioa X when
the tempsrature over the surface is qt first equal to the recovery tempsrature and
then jumps suddenly at the location t0 a certain value which eftervards is again
constant. is the temperature variation actually found along the surface. The
integration Is to be performed disregarding discontimuities in the wall temgperature
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. The summation expressed by the second term on the right hand side of the
equation has to be considered when the vfl temperature T, varies discontinously
along the surface. In this case T, ( § ) is the wall temperature izmmediately
downstream of a sudden temperature jump and T, ( ${ ) is the corresponding
temperature immedistely upstream of the jump. If the temperature of the surface
differs at the leading edge from the recovary temperature then this susmation hes
also to be applied to the leading edge with a tempsrature T ( < ) equal to the
recovery temperature. The procedure will be explained once more for a specific
temperature variation later on.

The following expressions for the heat transfer coefficients which are needed
in the adbove equation have been found bty approximate calculations for the conditions
on a flat plate. JFor a laminar boundary layer (Ref. 121)

-Va
h(8,x) 3 2k J52 ¥F [1- M)
(cv - 4)
for a turbulent boundary layer (Ref. 122)

-l
h(%,x) = 0.0289 k e Prwll- (;’g)“_l
x

(cd - 5)

These equations have been verified by experiments. Since the caloulation procedure
desoribed in this chapter is based on more simplifying assumptions then the results
discussed for a constant wvall temperature, it seems advantageous to determine bty the
method of this chapter only a correction factor which has to be applied to the
constant wall temperature heat transfer coefficients in order to take into ascount
the influence of a wall temperature veriation. This calculation will be done in
the following lines:

Negleoting the influence of the variable wall temperature on heat transfer by

using the heat transfer coefficient for a constent wall temperature the heat flow
at the location x is desoribed bty the following equation

q(x) = n(O,x) | T(x) =T
(4] [ w r] (Cb - 6)

From this and the previous Igmation Cb - 3 we obtain the relation

. a7 .
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q4(x) h(0,x) [Tw(") - 'rr]
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for the ratio of the actual heat flow q(x) to the heat flow qg(x) caloulated under
the simplifying assumption. For a laminsr boundary layer on a flat plate, this
equation can be transformed by use of Squation Cb - 4 imto

=ify »
1(x) [[1-(3"] %:T‘"as+2l1-@5~] [ruc8D - 1087

e (x) Ty(x) = Ty (cv - 8)

and for a turbulent boundary layer on a flat plate into the relationship

atx) ﬁl.ef']"" Las* 2{1-'@“']% {78 - 8]

qq (%) T,(x) - T,

cd - 9)

Each of the above two equations can be solved as soon as the wall temperature T, es
a function of the distance from the leading edge is prescrided, for instance bty
oumerical or graphical integration of the imtegrals sppearing in the equations.

Let us assume, for instance, that the wall temperature as indicated in the
upper diagram of PFigure 13 is prescribded. %This temperature varistion has two
discontinuities, one at the leading edge ( $= © ) snd one at §2 §, . The local
heat flow at the location x for laminar flow may have to be determined. In order
to find the integral ia Bjuation g -annd the differential gquotient aTw/d§,
mltiply this value withi!-@lu) :‘;. and plot the produce over § s indicated
in the lower diagram of Figure 13. srea under this curve represents the
integral. The summation has to be extended over § . > O and $i=8:

Y- A [, 8,08 a [0 ] + [1-<§s§“rh[rv< -, (y))]

(od - 20)

The calculation is however quite tedious because the iategraetion has to be performmd
for any location x along the surface for which the local heat flow is t0 be de
Additiocoally, the terms under the integral signs tend alvays towards infiaity wvhea
the variable § under the imtegral sign approsches the limit x as shown in Figure 13.
Therefore the contribution of tshe region neer x to the integral has to be evaluated

by soms special procedure, as suggested in Appendix IV.

The denominator in both Equations Cb - 8 and Cb - 9 can be written also in she
following form:

[ LRI ERCARE R
(cv - 11)
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It is in the example equal to the area under the dashed curve in Figure 13 plus the
sum of the two sudden tempersture changes at the leading edge and at §; = €t.

The procedure described assumed that the wall temperature distribution is
known. The inverse problem to find the wall temperature for a prescribed convective
heat flow has been solved in Reference 117. Actually, the wall temperature has
usually to be determined from a heat balance between the convective heat tranafer
and the radiative heat exchange of the surface with the surrounding and the heat
conducted avay into the solid interior. Generally, this problem can be solved only
bty a tedious trial and error procedure.

In this situation it is important to note that bty treatment of some simplified
case it has been determined that the ratio of the differences between wall and
stream temperatures, calculated ty the procedure described in this chapter,to the
corresponding temperature difference based on a simplified procedure which neglects
the influcace of the wall temperature variation on the heat transfer coeffioient is
considerably smaller than the ratio of the heat transfer coefficients determined bty
both procedures.

Lighthill (Ref. 119) based his calculations on the assumption that a thin-
walled flat plate receives heat by laminar convection from a gas stream and
discharges heat by radiation into a surrounding with a temperature of 0° Rankine.
Heat conduction within the wall and any other heat removel has been neglected.
Using the expressions given bty Bquations Cb - 3 and Cb - 4 for the convective heat
flow into the surface and balancing this heat flow Ly the raediative heat transfer
an integral equation is obtained which has been solved. The result of this
cealculation vhich is contained in Figure 2 of the referenced report can be used to
make a comparison with a calculation based on heat transfer coefficients for
isothermal surfaces. It has been found that the wall temperature calculated by
Lighthill differs up to 10 per cent from the absolute wall temperature obtained by
the simplified calculations.

Another calculation has been made ty Rryson and Edwards (Ref. 112) for the
following situation: A flat plate is initially at a constant temperature and is
suddenly subjected to the influence of a high velocity gas flow of constant or
exponentially decreasing velocity. Under the influence of the convective heat
transfer the temperature adjusts itself gradually to the temperature of the stream.
Rediation has been neglected and the convective heat flow is balanced with the heat
stored within the wall (no heat conduction within the wall parallel to the surface
and constant temperature tiroughout the wall normel to the surface e assumed).
The use of Bguation Cb - 3 for the heat flow results in an integro-differential
equation vhich bas been solved apd compered with the results of the approximase
proocedures which neglects the influsnoe of a temperature variation on the heat
transfer coefficients. It was found that the difference between wall temperature
and static streem tempesrature as obtained ty the exact calculation is up to 20 per
oent larger than the difference obtained bty the approximate procedure. A difference
of 10 per oent in the vall tempsrature as found bty Lighthill or of 20 per oent in
the difference as determined ty Bryson correspo.ds at a wall Sempera-
ture of 1500° Rankine and a static stream temperature of JOO°R. t0 a tempsratire
Aifference of around 200°F. and such a difference may for instance, be deoiding in
the decision vhether a ain material can be used or mot for the skin of an
airoraft. It aey also be that the temperature difference on special locations like
the and the trailing edge of a s0lid wing which is being heated up ty
ssrodynsmic heating (as calculated in Meference 116) may be larger thsn in the above

3



examples. Near the leading edge the temperatures will be increased and near the
trailing edge dscreased by the effect discussed in this chapter. In design
caloculations it will therefore have to be decided from the situation whether the
influence of a variable wall temperature has to be included into the calculations

or vhether the much simpler procedure which neglects this influence is considered
as sufficiently accurate.

A check on the accuracy of the method discussed in this chapter has been made
by Lighthill who compared it with Chapmen and Rubesin's solution for laminar flow

and a vall temperature variation according to Bquation Cb - 1. Agreement within
3 per cent vas obtained.
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SECTION V
FRICTION AND HEAT TRANSFER AT LOW IENSITIES

The solutions for friction and heat transfer which have been presented up to
now are subject to a number of limitations. One of these limitations will be
disocussed in the present chapter. It is connected with the fact that air corsists
of single molecules. In deriving the differential equations which are the dasis
for the relationships developed, it has been assumed that the properties of the
fluid very steadily throughout the field investigated. Actually energy and momentum
is carried without change by the single molecules from one to the next collision.

As long as the msan free path length of the molecules is very small compared with
the length dimensions with which we are concerned, we can assume the variation to
ocour steadily.

The mean molecular path length increases inversely proportional to the
density and therefore with decreasing density it has to be expected that a limit is
reached where the free molecular path length is of the same order of magnitude as
the characteristic dimension. The ratio of free molecular path length to the
characteristic length is called Knudsen number. In boundary layer flow as it has
been considered up to now the rate of change of the properties is largest in a
direction normal to the surface throughout a length equal to the boundery layer
thickness. For this type of flow the Knudsen number is defined as the ratio o
msan free molecular path length to boundary layer thickness. The Knudsen number
Kn may be expressed by the flow perameters which have been used before, namely the
Reynolds number and the Mach number. From gas kinetic considerations the following
relationship is derived

ftn - XL ¥
0.797 Re}
(0-1)

in wvhich P*is the ratio of specific heats at constant pressure and volume.
For boundary layer flow the Reynolds number is dbased on the boundary layer
thickness as characteristic length. Changing to the Reynolds number based on the

distance along the surface mcasured from the leading edge results in the following
relationships for laminar flow along a flat plate

- 'g'a - 2)

and for turbulent flow
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According to the above discussion the molecular structure makes itself felt
when the Knudsen number exceeds a certain limit. This limit can be well illustrated
in a diegram which uses ithe Reynolds oumber and the Mach number as abscissa and
ordinata respectively. Such a diagram is presented in Figure lij. Inserted in the
diegram is the approximate limit between turbulent and laminar flow. This limit is
determined by a large number of factors which will be discussed in more deteil in a
later chapter. The lins given in Figure 1l should be taken only as a very approxi-
mate indicetion. The line with the break on this boundary between laminar and tur-
bulent flow indicates the conditions for which the Knudsen number for laninar flow
as an expression for the ratio of free molecular path length to boundary layer
thickness has the value 0.003. In the field on the right hand side of this line the
free molecular path length is less than 1 per cent of the boundary layer thickness
and the relationships developed in the preceding chapters apply.

With increasing distance from the limiting line towards the left hand side the
free molecular path length increases more and more and it has to be expected that
the molecular structure of the air causes larger and larger deviations from ths
conditions encountered in a continuum. Near the limiting line these deviations
occur only within the immediate neighborhood of the solid surface. Their min
effect is to create finite flow velocities right at the wall surface and a sudden
variation of the temperature (temperature jump). Accordingly the regime just to
the left of the limiting line is called alip flow regims.

With decreasing density finally a stete is reached where now inversely the
free molecular path length is much larger than any dimension of the body. In suach
a case the molecules impinge on the body surface practically with the momentum and
energy which prevail in large distance from the body. The field in FPigure lj in
which this condition applies is termed free moleculaxr flow regime. The limit for
this regime is usually fixed by the condition that the value Me/Re which is not
mach di fferent from the Knudsen number has the value 10 (Ref. 140)

Ma /Re = 10
(D-4)

No boundery layer exists under this condition. Therefore Re is based on a character-
istic body dimension. The line described by Equation D - 4 is also shown on the
left hand side of Figure 1.

Another limit to the relationship for contininuum flow presented in the
previous chapters is connected with the fact that with decreasing Reynolds number
and increasing Mach number the boundary layer thickness increases. The boundary
layer equations on which the solutions sre based become invalid when the boundary
layer thickness exceeds a certain limit. The displacement of the flow Ly the
boundery layer becomes then so large that it causes the pressure to vary notably
along a flat plate. This effect is especially large where the flow field is limited
by a shock wave and when this shock wave is comparatively near to the suface.
Different authors have made estimates on the limit beyond which this boundary layer
shock wave interaction becomes important. The results indicate generally that the
limit is situated near to the limit between the slip flow and continuum flow region
somevhat displaced toward the left for low Mach numbers and toward the right at high
Mach numbers. Correspondingly, for high Mach numlsrs the slip effect will be the
first one which modifies the continuum flow conditions when the Reynolds number
decreases, whereas at low Mach numbers the mentioned boundary layer shock wave
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interaction will cause the first modification.

In general the friction and heat transfer conditions outside the range of
contimwum flow are extremely complicated and therefore little investigated analyti-
cally as well as experimentally. A comparatively good knowledge exists only for the
regime far to the left in Figure 1l which has been termed "free molecular flow"
regine. Very mich vork remains to be done in the *slip flow® regime and especially
in the "mixed flow" regime.

In this situation it is important to visualize the regions in the Reynolds-
Mach number field which will be of special importance in future seronsutical
applications. In this paper we are concerned with cooling problems and from this
point of view we can obtain the desired information in the following way: Cooling
problems will alweys become critical when the skin of the aircraft exceeds certain
temperature limits., The surface temperature of the airoraft is determined lty the
coabined effects of convective heat transfer from the atmosphere to the surface, of
emission of radiation from the surface, of irradiation from the sun, and finally of
cooling either by storage of heat in the s0lid material of the aircraft or by some
cooling process. All of these heat exchange processes depend on the flight altitude
and the flight velocity, both of which can be expressed bty the Reynolds number and
Mach number at which the flight occurs. Two curves calculated on the basis of the
mentioned considerations in Appendix II have been inserted in Figuro 1lj. Along

these curves a wall temperature of 1500°R is obtained by the surface of the aircraft
when the surface radiates heat like a black body and when cooling by heat storage or

by some cooling process does not occur. One of the curves holds for a location on
the aircraft which has a distance of one foot from the leading and the second
curve for a distance of § ft. The btreak in the curve at Re = 2:10° is connected with
the fact that cooling conditions are more favorable in a laminar boundary leyer than
in a turbulent one. Depending on the specific conditions the location of the
transition point may shift to the right or left from the position indicated in the

figure.

Reynolds number and Mach number together with the nther data which have been
mentioned, fix the flight altitude along the two curves and the corresponding values
sre also indicated. The left hand curve holds also for the condition that the
distance L is equal to 5 ft. but the emisivity of the surface for heat radiation is
equal to 0.2. The two curves therefore indicate the Reynold and Mach number
conditions for which an uncooled surface of an aircraft assumes a temperature of
1500°R in steady flight. If cooling is applied to the surface either by heat
storags whioch is possible for short flight duration or by some cooling process thea
the flight velocity and correspondingly the Mach number can be higher for a certain
Reynolds number without increasing the surface temperature above the value of
1500°R. For this condition therefore the flight would ocour at a point which is
located in Figure 1} above and to the right of the curve. Aircraft or missile
during their flight may encounter conditions as given by their Reynolds and Mach
number which belnng to the range located below and to the left of the two curves in
Figure 14. This then indicates that the wall temperature even for steady flight
will be lower than the assumed limit of 1500°R and generally that such flight oondi-
tions are not critical frou a cooling standpoint. The conclusion therefore is that
the rangs near the two curves in FMgure 1) is the one for which information on heat
transfer is most important. With this in view vwe will now review the information
on friction and heat transfer which is available for the regimes outside the
contimaum flow region.



Comparatively good information is avajilable for the conditions in the free
molecular flow regime. The kinetic theory of geses gives the poassibility to
calculate friction and heat transfer to objects in a flow with uniform velocity and
uniform temperature. Figure 15 and 16 show such data. The figures have been teken
from Reference 135. Figure 15 gives Stanton numbers for a monatomic and a diatomic
gas. The infornation on a monatomic gas is importunt because the air molecules
dissociate at very high altitudes. The value @0 by which the Stanton numbers are
divided in the figure is the accommodation coefficient. Its value for air is not
too well known. Usually it is assumed to be equal to 0.9. 4An interesting fact may
be observed in Figure 16 which presents the recovery factors for two-molecular end
one-molecular gases as a function of the lMach number. It can be seen that quite a
number of configurations among them the flat plate in a flow parallel to itas
surface have recovery factors which are larger than one. We have therefore to
expeoct that with decreasing density the recovery factor which in contimuum flow of
air has a value of 0.85 or 0.9 increases and assumes values above 1 in the free
molecular range. This trend has actually been verified experimentally.

Information on heat transfer in the mixed flow regime is very limited. This
is an unfortunate fact since we have seen that this region is of special importance
for future seronsutical applications. Calculations which have been made rest on a
comparatively unsecure basis since it is today even not known exactly what the
differential equations are which describe the flow and energy transfer process in
this region. Experimental information has been obtained at the Ames Laboratory of
the NACA and at the University of California in Bsrkeley. Such information is very
valuable in viev of the difficulties of obtaining analytic information. However,
these tests are restricted to Mach numbers below 4 and from Figure 1) it can be
seen that the very high Mach number condition is especially important in this range.
It is not at all sure whether information obtained at small Mach numbers can be used
for the high Mach number regime as well. One additional factor may be observed in
Pigure 1. Any information obtained from snalysis and all the experimental
information obtained so far deal with laminar flow region. The curves indicating
the flight conditions under which the surface of an aircraft assumes a temperature
of 150 however, indicate that at least part of the flight of aircoraft and
missiles has t0 be expected to be in the turbulent region, at least near the slip
flow regime and there exists practically no knowledge on heat transfer under
turbulent flow conditions outaide of the continuum regime.

In the reat of this chapter information will be discussedwhich has resulted
from investigations in ths slip flow and the mixed flow regime for laminar flow
conditions. Near the contimuum regime the normal boundary layer equations still
hold to a good approximation. Only the boundary conditions have to be changed to
take into asccount the finite velocities and the sudden changs in temperature
occuring on a 80lid surface (slip flow and temperaturc juxmp) and the intersction
between shock waves and bounlary layer. Maslen (Ref. 132) has mede a caloulation
on this basis which is essent.ally a perturbation of the normal continuum solutior.
This calculation determines to a first approximstion the changss which ocour in the
normal continmuum solutions when the flow enters the slip flow regime. These results
of the calculations are expressed by the following equations for the skin frictionm

coefficient

cfﬁ; - (crﬁ)o + &(c, ﬁ:)l
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and for the hesat transfer coefficient

ﬂ: ) ﬁ'!% ’59%51

In both equations the subscript zero indicates the normal continmuum solution, for
instance, as discussed in the previous chapters of this paper. The subscoript 1
indicates the change which this continuum solution undergoes to a first approximation
and the parameter & is essentially the Knudsen number:

(D - 6)

e-ﬁ%

-7

The calculation procedure is restricted to tne assumption of a constant specific
hesat for the air but is applicable to any variation of viscosity and Prandtl mumber
with temperature. Table II gives the results of a numeriocal evaluation. The
frioction factors and heat transfer coefficients as calculated bty Young and Jansaen
(Ref. 59) are used as the continuum solution and the changes ocouring to a first
approximation have been calculated by the procedure described in Reference 132. IFrom
%able II and from the Equations D - 5 to D - 7 it may be observed that the ahearing
stress increases above the value in continuum flov when the slip flow region is
entered. This increase is caused by the boundary layer shock wave interaction. The
heat transfer parameter decrsases below the value in contimuum flow a8 a consequence
of the temperature jump ocouring at the surface under slip flow conditions. Both
changss are of the order of magnitude of 1 per cent at the limit which is indicated
in Mgure 1lj between continuum flow and slip flow regime. The difference between
the actual and the contimmm solution increassg with decreasing Knudsen number and
is adout 10 per cent when the paramster Ma/ assumes the value 0.1 indicating
that the free molecular path length has increased to approximately 1/10 of the
boundary layer thickness.

An indication of how friction and heat transfer changs throughout the whole
region between continuum and free molecular flow may be obtained from Figures 17
and 18 which are taken from a paper by Shaaf (Ref. 138) summarizing the work of
the Berkeley group. The figures contain as dashed lines the solutions olLtained
from the boundary layer equations and valid in the continuum flow regime as well as
the solutions obtained for the free molecular flow regime. The full line gives the
recommended correlation. Some experimsntal points have also been included. The
Reynolds and Mach numbers appesring in Figure 18 are based on the conditions behind
the shock vave. The value @ is half the apex angle of the cone.
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SECTION VI
FRICTION AND HEAT TRANSFER UNDER HIGH TEMPERATURE CONDITIONS

In the flight of aircraft through the atmosphere with extreme Mach nunmber very
high temperatures are encountered within the boundaxry leyer. These temperatures
cause the air to dissociate and finally to ionize (at temperature above 20,000°R).
In this chapter the limitations will be discussed which are imposed on the boundary
layer solutions in the previous chapters under high temperature conditions.

Figure 19 has been prepeared to indicate what temperatures have to be expected
within the boundary layer at high Mach numbers. The figure holds for a stream
static temperature of 4OOOR. When the surfece assumes the recovery temperature
then this temperature will also be the highest static temperature ‘shich is encount-
ered within the boundary layer. This recovery temperature of a flat plate is
indicated in the figure for laminar and turbulent flow conditions. The full line
has been calculated assuming constant specific heat and a recovery factor of 0.89
for leminar flow. The dashed line is calculated for a recovery factor of 0.9
corresponding to turbulent flow and again assuming constant specific heat. A
third curve has been added from the results of Reference 13, which considered the
specific heat to vaxry, in order to indicate what veriation in the recovery t a-
ture is caused by the variation of the specific heat.

In aircraft applications the surface temperature will usually be cooled by
radiation or by some cooling process. Under such conditions the maximum temperature
occurs somevhere within the boundary layer (See also Mg. 5). Curves have been
added in the figure vwhich indicate this maximum temperature within the boundary
layer for the case that the wall temperature is cooled down to the stream static
temperature and for the case that the absolute wall temperature is four times the
free static temperature (at a temperature of 1600°R). For a gas with a Prandtl
mumber equal to 1 it can be easily derived that the difference between the maximum
temperature within the boundary layer and the stream static temperature is equal
to one fourth of the difference between recovery temperature and static temperature
in the stream for laminar as well as for turbulent flow under the condition that the
wall temperature is equal to the static streeam temperature. For the calculation of
the curves in Figure 19 it has been assumed that this condition still holds
approximately for air with a Prandtl number of 0.72.

It can be determined from Reference 165 that dissociation starts at an altitude
of 50 miles in the air with a temperature around 3,000°R. and at sea level with a
temperature around 6,0000R. The Mgure 19 in which these limits are also inserted
indicates that no dissociation within the boundary leyer is expected up tc Mach
numbers of 6 or 10 for the case where the wall temperature is kept at the recovery
temperature and that dissociation will ocour only at Mach numbers above 12 to 18
when the wall temperature is cooled to values below 1600°R. The latter case is the
one which is more likely to occur on aircraft.

Two pepers (Ref. 142, and 143) have been published recently which investigate
vhat effect dissociation will have on friction and heat transfer in laminar flow
along a flat plate. 3Such calculations are connected with considerable uncertainties.
They are for instance based on the assumption that the air adjusts itself at each
location within the boundary layer to the equilibrium dissociation belonging to the
local temperature. It is actually quite doubtful vhether the fluid particles stay

41



for a sufficient time in the high temperature zone to assume equilibrium dissocia-
tion. Also diffusion of the different gases into which the air dissociates into

the cooler regions may occur. All these facts are neglected in the calculations.
another uncertainty is based on our insufficient knowledge of property values of a
cas at extremely high temperature and under the condition of dissociation. In this
point the assumptions made in both sets of calculations differ considerably. For
instance Moore (Ref. 1,3) assumes that the Prandtl number in dissociated air
increases up to values around 6 whereas Crown (Ref. 142) reasons that even with
dissociation the Frandtl number can never assums values lerger than 1. Nevertheless
both calculations come in some important points to the same conclusion. It is found
that dissociation under the assumed conditions has a negligible effect on the skin
friction and on the heat flow entering or leaving the surface per unit area as

long as the surface temperature is kept at values which are below the temperature at
which the dissociation in the air starts. This situation holds even though very
mich higher temperatures may be encountered within the boundeary layer. The condition
that the wall temperature is lower than the dissociation temperature--lower than
say 3,000°R--will be fulfilled in almost all asronautical applications.

Crown finds additiocnally in his calculations which are based on the assumption
that the Frandtl number is constant and that the product of viscosity and density
is a 1ipear function of the enthalyy that the recovery factor can be represented
within a few per cent by the well-known relationship

r = Y
®- 1)

He also finds in Bquation 58 of his report an expression which can be transformed
into the following relation fur the ratio of Stanton numbers to friction factor

A SN Ny
ce °ps p S
(E-2)

This equation is identical with Bquation Ba - 8 and indicates that the Stanton
number is practically independent of dissociation when based on enthalpy.

Moore performed his calculation considering that the Prandtl number for air
varies with temperature. Enthally recovery factors calculated from the recovery
temperatures contained in his report have been compared with enthalpy recovery
fectors calculated from equation

r, - 2ol
(- 3)
with the Prandtl number introduced at the reference enthalpy as given ty Equation

Ba - 26. The agreement is not too good for this set of data. Formula (B - 3)
gives recovery temperatures which are up to 20 per cent too high. JFor design
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cvaloulatiuns the actual recovery temperature under conditions of dissociation is of
little interest since it is so high that no presently known material can withstand
it. Surfaces of aircraft flying at such Mach numbers will have to be cooled
considerably. Into calculations of the convective heat transfer under such
conditions the recovery temperature enters only as a means to express the heat flow
conveniently (Bquation Ba - 3) and for this purpose the recovery temperature
determined by Bquation E - 3 gives better results than the actual recovery
temperature.

Crown presented in his paper formulas for a caloulation of friction and heat
transfer which are valid for any temperature dependence of the properties in the
same vway as the equations mresented in the preceeding chapters. The method
discussed in this paper is believed to have the advantage that it is in accord with
the procedures with which in heat transfer calculations a variation of properties
is accounted for.

The findings which have been discussed are very useful information for an
estimate of heat transfer coefficients under high temperature conditions. Of
course, it has to be kept in mind that they are based on assumptions which still
have to be backed up by experimsnts and that they hold directly only for laminar
boundary layers. Experimental investigations under high temperature conditions are
neseded for more accurate knowledge of friction and heat transfer conditions. They
are however, extremely difficult to perform. In wind tunnels for instance, it is
almost hopeless to increase the temperatures to such valuss that on surfeces, which
are co2oled to conditions similar to the ones expected on high velocity aircraft the
inflvence of dissociation can be studied. JFrom Pigure 19 for example, it can
easily be determined that for a static temperature of 4O0O°R. in an air stream and a

essure corresponding to an altitude of 50 miles the total temperature or atagnation

tempsrature has to be raised to valuss above 8,000 to 10,000°R. before any
dissociation will ocour in boundary layers which develop om surfaces cooled to a
temperature of 1600°R. It is to be expected that even considerably higher total
temperatures are necessary to obtain a marked effect of dissociation omn friction
and heat transfer at the surface.
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SECTION VII
TRANSITION FROM LAMINAR TO TURBULENT FLOW

In order to apply the information presented in the previous chapters it is
necessary to have additional knowledge as to which portion of a surface is covered
bty turbulent boundary layers or, in other words where the tramnsition from laminar
to turbulent flow ococurs. This point is the weakest link in the whole procedure
to predict wall temperatures and heat transfer coefficients. The preseant dey
knowledge has been recently sumnarized by Gazley in Reference 147. The reader
therefore is referred to this reference. Only one figure may be added here which
presents the results of a stability calculation by Van Driest (Ref. 145) since it
extends to considerably higher Mach pumbers than the information contained in
Reference 1)7. Figure 20 shows as a function of Mach number and of wall to strecam
static temperature the Reynolds number at which boundary layers on a flat plate
becoms unstable for small fluctuations of certain wave length.

The full lines in the figure indicate the critical Reynolds numbers for air of
394CR. static stresm temperature sssuming a Frandtl number 0.72 and a viscosity
which follows Sutherland's relation. Limited by the curve Re = @@ is a field in
which the flow fluctuations alwveys damp out. The border of this field was also
calculated for a gasvith a viscosity varying proportional to temperature (PMM =
constant) and for two Prandtl numbers. The dashed line holds for these conditions.
It may be recognized that both parameters have considerable influence on stability.

It is known espescially from experimsnts at a lower Mach number that a certain
time or length is necessary for these fluctuations to increase to such an amount
that they transform the flow to turbulence. Accordingly the oritical Reynolds
nunber for transition is by a factor up to 100 larger than the Reynolds number
edicted from Figure 20. However, qualitatively the trends predicted by stability
caloulations have been verified generally Ly experimsnts. The figure can therefore
be used to melkke estimstes on the influence of Mech number and wall to stream
temperature ratio on the critical Reynolds mmber at which transition occurs. BEven
in this respect however, one has to be careful, since Gesely presents experimsntal
information which in soms cases does not conform with predictions of the stability
theory. Figure 20 together with the information in Reference 147 has been used to
estimate the oritical Reynolds number for a wall to stream temper: ture ratio equal
to 3 and this estizated curve has been eatered into Figure lj. Ny compering this
ocurve with the two lines which describe the flight oconditions for an aircraft with
s surface temperature of 15000R. it may be concluded that probably up to an altitude
around 30 or 30 miles the boundary layers will be turbulent over the major portion
of the surface. At higher altitudes, vhen the airoraft enters the mixed flow
region and moves tovards the free molecular flow regimes, the turbdulence has to die
down somswhere becauss certainly no turtulence cen be imagined in the frese molecular
flow regime.



E. R. Van Iriest recently extended his calculations of friction and heat
transfer in a laminar boundary layer on a flat plate to cover a very wide range of
Mach numbers (Ma O to 16) of total stream temperatures (T, 0 to 2000°F) and of the
ratio: enthalpy at surface to enthalpy in stream (1'/1. to 6)(Ref. 182)
Additionally, results for JOO°R stream temperature are presented.

The method to calculate friction factors, recovery factors and heat transfer
paramesters 2 St/c, with the reference temperature proposed in this report has been
checked against the results of Van Driest's calculations. Agreement of the
fricticn factors was within i per ceant, of the enthalpy recovery factors within
2 1/2 per cent and of the heat transfer paramster within 1 per cent.
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APPENDIX I
REFERENCE TEMPERATURE

In this appendix it will be described how the Equation Ba - 16 has been
obtained from the data in Reference 59. In this paper the reference temperature T'
is tabulated. This temperature is determined in such a way that the friotion
factor, caloulated from the boundary layer solutions and dbased on property values
at the Temperature T' agrees with the friction factor for a constant property value
field.

The temperature T' will now be approximated by a temperature T* as gives bty an
equation of the form:

™ et ATy T,) ¢ B(T,-T,)
(1-1)
Tables 2, 3, and 4 in Reference 59 represent the temperature T' for the oondition

that the wall temperature is equal to the recovery temperature. In this case
Equation I - 1 changes to:

r./r..l.(gon)(r,/r.-l)
(1-2)

This equation is rerpresented by a straight line in Figure 21. In this diagram the
tempurature ratio T'/T, taken from Reference 59 is plotted over T,/T, . It can de
observed that the po:l.nta representing the exact values of the reference temperature
can be well approximated bty a straight line. The tangent of the line ylields:

A+ B= 0.72.

Tables 5, 6, 7 in Reference 59 contain the reference temperature T* for
conditions wvhere the wall temperature is different from the recovery temperature.
In order to obtain the ocomstants A and B individually from these data, Egquation
I -1 41s btrought into the form:

™ - ‘!'. - A(‘l" - ‘l'.) * (0072 - ‘) (‘l'r - ‘I.'.) (I - 3)

°°72;:-¥’: --0.2805(;:-;:)

(I-4)

This relation is again represented by a straight lins in Figure 22. In this
dlegram are plotted two values 0.72 (T, -T4)/T, over (T -T.)/T.. These data were
calculated from the data in Reference §9. It is seen tha¥ thlse values can alsc be
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well approximated lty a straight line. The tangent of the inserted line gives
A = 0.50. which yields: B = 0.22. In this vay Bguation Ba - 16 is established.

The same rocedure was carried out replacing in all of the above equations
the temperature by the enthalpy corresponding to the respective temperature. The
points indicated by the white symbols in Figures 21 and 22 were odbtained and it may

be observed that the same straight line approximates the enthaliy ratios as well as
the temperature ratios.
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APPEMDIX II
HEAT BALANCE EQUATION

The temperature which the skin of an aircraft assumes is to be calculated for
the following conditions: The aircraft flies horizontally with constant speed for
a time sufficisant for the skin to assume its steady state temperature. Yo cooling
crocess is used to remove heat from the skin ani tha temperature is determined by a
balance between the heat exchanged with the univarse by radiation. The skin surface
may be considered "black" with respect to radiation.

The heat balance per unit area is written:

b (dp - 4y) = 6Ty - Qun
(11 - 1)

For turbulent flow the Fquations Ba-38, Ba-7, and Ba-8 area used to express the
heat transfar coefficient by the Reynolds number, The recovery anthalpy is
exorrssed by Fquation Ba-2l, Ba-47 and the relation:

%2- - t;i (Ma)? 1,
(I1 - 2)

this results in:

0.0296 (Re*)°*® {1.[1 + 0,18 (¥a)?] - i,,} . %ﬂ"& - Qgun)

(11 - 3)

This equation gives for the prescribed wall temperature of T,, = 1500°R and stream
temperaturae the nacessary relation between Reynolds - and Mach nunbers. The stream
temperature, however, is connected with tha flight altitude and +this value is a
func*ion of R= an1 Ma *hrough th~ following relation for the density of air:

* %
R~
(1T - 4)

In addition, Pr and o A4nrnend on the refarence »n*halpy and tharafors on stream
trmoerature (temperature of atmosphere in altitude) and on the Mach number. The
problem to determine the Reynolds number which corrasponds to a prescribed Mach
number may therafore be solved by a trial and error procedure: Assume a stream
temparature, calculate from * (ation (II -3) the Reynolds number, from Zquation

(I1 - 4) the air density and :heck in tables for properties of the atmosphere
whethar the assumed stream temperature corresponis to thea altitude as d~termined by
the air density. The result of such calculation for x=1 ani xs5 £t is inserted in
Figure 14.
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Lamirar flow conditions occur mainly in the mixnd flow regime and the heat
transfar coefficients for this region wouli have to be taken from Figure 18, This,
howaver, makes the calculation very inconvenient. Therefore the calculations were
made for laminar continuum flow, =xpressing the heat transfer coefficient in
Pquution (II - 1) by Fquations (Ba-37) and (Ba-28) and wera extended only as far
as the continuum relations are expected to hold still with a reasonable accuracy.

Tha curves of constant wall tempsrature in the upper right hand corner were
calculated witl, the heat transfer coefficient for free molecular flow.
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AFPENDIL II1

LIMIT FOR ACCELARATION FOR JHICH BOUNDARY LAYER-
FIOW CAN EE REGARDED AS QUASI-STEAIY

F. loore shows in Ref. 5 that boundary leyer flow along a flat plate may be
treated as quasi-steady when the dixsnsionless perameters:

xvy, Lv By
% W
(111 - 1)

ere small. In these parameters V. is the first time derivative of the velocity,
V the second etc. The influence of the first one of these parameters on the

triction factor and recovery factor of an insulated flat plate with laminer boundary
layer has been evaluated. It was found that the shearing stress is larger by

2.5 per cent and the recovery factor smaller by 2.8 per cent than the steady stute
values for flow with constant acceleration when the condition:

{ ]
(111 - 2)

is fulfilled. This means, for instance, that the acoeleration of a plate moving
with 1000 ft per sec. speed has to be larger than 10,000 £t/sec? or larger than
300 tiues the gravitational acceleration before deviations larger than 2.5 per cent
from steady state conditions are encountered at a location of 1 ft distance from
the leading edge. For a distance of 10 ft the necessury acceleration is 1000
£t/sec? or 30 g.
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APPENDIL IV
EVALUATION OF INTEGRALS (Cb - 8) and (Cb - 9) NEaR §o=x

The integrals in Equation (Cb - 8) and (Cb - 9) are of the foarm:

s oo fu-d) " Fras
(v - 1)

The integral may have been evaluated to such a value !. near x that for the
remaining interval from @ to x it can be replaced by:

J - (ﬁ-). 'f [1- '] ey

(v - 2)

with the average temperature gradient (dTw/dS )m in this interval determinable
with sufficient accuracy by an estimate.

By a change of the variable § to: y = x- § and introduction of: e = x-§4 we
obtain:

[
b
J - (%')-0][1 -0-O') &

(Iv - 3)

Expanding (1-(y/x))® into a series and neglecting terms higher than first order
gives:

-1~ 1-ed

(Iv - 4)
Introduction into(lV - 3) and integration finally results in:
b _bel
2
J (%). bel
(Iv - 5)
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The location of 8¢ can always be chosen such that the approximation(IV - 4) is
fulfilled with sufficient accuracy.

Then(IV - 5) gives the contribution of the interval between 8§, and x to the
integrals (Cb - 8) and (Cb - 9).
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Figure 1. Profiles of Static Temperature T and Total Temperature T,
in High Speedi Boundary Layer.
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Laminar Heat Transfer on Flat Plate
with Variable Wall Temperature.
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Figure 13. Calculation of Heat Transfer Along Flat
Plate with Variable Wall Temperature
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